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Foreword 


This book is Part 1 of Book III in the series ‘Mathematics for Middle 
Schools’. Books I and II prepared by the NCERT in 1977 and 1978, 
respectively, have been extremely well received by the users as evidenced 
from the feed back received by us. The philosophy, approach and style 
of this took is also the same as adopted in Books І and ІІ. 

The fist draft of this book was prepared by Prof. I. В. S. Passi 
and Dr. L. R. Vermani of the Kurukshetra University. The draft was 
then reviewed by а group of teachers and subject specialists in a workshop 
held at the NIE Campus. The final editing was done by Prof. S. D. Chopra, ) 
retired Senior Professor and Head, Department of Mathematics, Kuruk- 
shetra University. In this task, he received most valuable support from 
Shri R. S. Kothari and Dr. Atma Ram Sahu of the Department of Edu- 
cation in Science and Mathematics (DESM) of the Council. Mention 
should be made of Dr. S. K. S. Gautam who assisted the editorial team in 
more ways than one. The answers were also provided by him. The content- 
editing of the Hindi version was done by Shri Mahendra Shanker. Special 
mention should be made of Dr. R. P. Gupta, DESM, who made a most 
valuable contribution throughout in the preparation of the book. His 
valuable suggestions have played a vital role in bringing out this book in 
the present form. I am grateful to each one of them for their dedication 
and diligence in bringing out this book in a short time. 

“The ultimate judge of the worth of any book is, of course, the 
community of its users, namely, the students and the teachers. The NCERT 
will welcome their observations with gratitude so as to incorporate 
further possible improvements in the next edition of the book. 


Sure К. MITRA 

. Director 

New Delhi National Council of Educational 
May 1979 Research and Training 


Preface 


It gives me great pleasure to place Part І of Book Ш, Mathematics 
for Middle Schools, before the teachers and students of Class VIII. When 
part 11 of this book is published shortly, it will complete this serics of 
mathematics books for the middle classes. Books І and П for Classes VI 
and VII respectively were edited very ably by Prof. Manmohan Singh 
Arora. Judging from the comments reccived from the users, these books 
have been received very well. When Prof. Arora left for Bahrain early 
in January this year, ona Unesco assignment, the responsibility of editing 
Part 1 of Book Ш was given to me. It was hoped that on account of my 
association with the production of this series of books from the very 
beginning, I would be able to maintain the style and standard set by 
Prof. Arora. I have been assisted in my task by Shri В. 5. Kothari and 
Dr. А. В. Sahu of the Department of Education in Science and Mathz- 
matics (DESM), NCERT. How well we have succeeded in our task can be 
judged only by the users Х 

The first draft of the manuscript was prepared by Dr. І. В. S. Passi, 
Professor; and Dr. L. R. Vermani, Reader, Department of Mathematics, 
Kurukshetra University. I had the opportunity to discuss with Dr. Passi 
some parts of his draft quite frequently while it was being written. This 


“гай was then shown to practising teachers and experts at a workshop 


held for this purpose from January 9 to 12, 1979 at the NCERT Campus. 
The editors also participated in the workshop and had the benefit of 
discussions with the participants. The editors have tried to incorporate 
as many of the suggestions of the participants as possible. I am sure the 
book has improved greatly by these suggestions. 

The present volume consists of seven units: I Real Numbers, П 
Exponents and Radicals, Ш Algebraic Expressions, ТУ Special Products 
and Factors, V Linear Equations and Inequations, VI Use of Tables, and 
VII Sets. Units І and УП deserve special mention. Unit I introduces 
irratioral numbers as non-recurring, non-terminating decimals. It is 


hopec that enough explanation has been given to make the concept 
intelligible to thirteen-year-olds. Some appeal to a limiting process, 
howe guised, is essential for a proper understanding of the concept. 
Unit VII introduces the notion of Sets. The set language is now basic 
for the Glear expression of many concepts in mathematics and its 
applications. Therefore, this notion has been illustrated by a large number 
д of examples. 

Part II of Book III will deal with the topics of Geometry, Commercial 
Arithmetic and Statistics. These topics are expected to be taught in the 
later half of the school year. 

The salient features of this book are much the same as those of Boo 
I and II. However, some remarks on the general objective kept in view in 
these books are in order. In the fifties of this century, revolutionary 
changes took place in the West in mathematics curricula for the schools, 
апа many countries switched on to the so-called *Modern Mathematics". 
These changes in the curricula were brought to the notice of the teac 
and administrators in India through an extensive programme of su 
institutes through the sixties. Under the influence of this programme 
curricula and books for school mathematics were re-written, at 
national level and in many states. Modern mathematics did not mean any 
new mathematics. Jt meant a shift of emphasis from the intuitive to the 
axiomatic method, from mathematical content and the development of 
mathematical skills to the learning of the mathematical structure of the 
various operations and more precise new terminology. However, experience 
with the new mathematics courses did not prove to be a happy one. These 
ocurses created difficulties for a vast majority of the teachers, the students 
and. the parents. Learning of mathematics in the schools got bogged: 
down in the language of axiomatics and the new terminology, and the 
jearning of mathematica] skills suffered. АП thus led to another extensive 
revision of school syllabi in mathematics in the recent years, and the 
present series of textbooks is a consequence of this. 

The present series of textbooks strikes a healthy balance between the 
so-called modern and traditional mathematics. Unnecessary emphasis on | 
the use of the language of axiomatics and new terminology is avoided. 

These are brought to the notice of the reader and left at that. The subject | 
matter is treated mote or less intuitively. Further, it has been kept in view | 


that the mathematics which we teach а child should be easily assimilable 


vii 


by him and have as close a relation to his environment as possible. It 
should also be relevant to the needs of our society keeping in view the 
goals of »ur development. 

Some advice on the learning of mathematics is given to the students 
inthe prefaces to Books I and II. It is suggested that the students read 
this advice again. 2 

The present book contains nearly a hundred carefully selected solved 
illustrative examples. There are over four hundred exercises to give the 
child enough practice in applying the concepts and methods learnt. These 
exercises are graded except in the sets of miscellaneous exercises. Harder 
sections in the text and harder exercises are marked with an asterisk, 

The editors are grateful to Dr. S. К. Singh Gautam, DESM, NCERT 
for providing a large number of additional exercises and helping with the 
answers to all the exercises. 

Ї am very grateful to the members of the mathematics wing of the 
Department of Education in Science and Mathematics for their continued 
courtesy,and assis tance throughout my association with the present series 
of textbooks. I am thankful to the Assistant Editors without whose ungru- 
dging hard work it would have been impossible to finish the editing work 
inso short a time. My special thanks are due also to Dr. R. P. Gupta, 
DESM, NCERT who has not only provided all the administrative: support 
necessary, but also read the manuscript at various stages of the work and 
made valuable suggestions 


S. D. CHOPRA 

Reid. Senior Professor and Head 
Department of Mathematics 
Kurukshetra University 
Kurukshetra 
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Express the decimal 0.625 in the form Р. and express 
q 


your answer in lowest terms. 


14. 
15. 


16. 


17. 


18. 


19: 


20. 


21. 


Give five examples of non-terminating recurring 
decimals. 


Simplify 


+) е 


Find three rational numbers between 0.1 and 0.2. 


Which of the following integers are odd ?- 
158, —1715, 26170, 987003 


Which of the following integers are even ? 
201, 202, 203, 204, 205 


If п is an even integer, is the successor of n odd ог 
even ? 
If n is an odd integer, is the successor of n odd or 
even ? 


By squaring the following integers, verify that their 
Squares are even : 
10, —2402, 236, —576 


By squaring the following integers, verify that the 
square of an odd integer is odd : 
—21, 23, —753, 801 


Are the following statements true or false ? 


(i) Sum of squares of two even integers is even. 
(ii) Sum of squares of two odd integers is.odd. 


MATHEMATICS 


duction 2 


е learnt about natural numbers, integers and | 
та umbers in earlier classes. Natural numbers can : 
be used for three: main purposes in daily life. The first is in 4 
counting, when we say that there are thirty boys in a class 

or the population of a village is 673, and so on. The second 
is in measurement of magnitudes, when we talk of 1 kilog 

of sugar or 2 litres of milk or 30 quintals of wheat, an 

on. The third is in labelling when we assign roll numbe 

to students in a class, or assign roll numbers to candidates 
appearing in an examination, etc. | 


We found it necessary to bee. se dots <> 


to be able to carry out the operation of subtraction i 
natural numbers always. 


The necessity for introducing rational numbers arises 
when we wish to divide a certain number of things equally | 
into a given number of parts, for example, when we wish to 
divide 3 oranges equally among 5 boys. The necessity for 
rational numbers arises also in many other problems in < 
daily life, for example, in measuring а picce of cloth, or the 
distance between two points, or the length of а гоош, which 
із not a whole multiple of our unit of measurement. ү, 
now see that the rational numbers do not suffice for this 
purpose. : 


We have learnt in Class VII how to represent rational ? 
numbers by points on the number line. Біруге 1.1 shows the 
number line ОАХ with some rational numbers marked on it. 


We recall that when we say that the points A, B, O 


mmc a 


Ва асанна ыа 


represent the rational numbers 1, 2, E we mean that 


= 


REAL NUMBERS ' . 


the lengths OA, OB, OC are 1, 2, quits respectively. In 


" other words, in representing rational numbers ona line, we 
construct líne segments on the line whose шеш in terms 


Fig. 11: The number-line 


of a unix length are these rational numbers. We now ask 
the question : Can the measure of every line segment on the 
Ліпе be expressed as a rational number ? answer to 
this question is ‘No.’ Let us consider the following example. 
Let us construct the square OAEF on OA as one side. 
(See Fig. 1.1) Join O to E. Then OA=AE=1 unit. What is 
the length of the diagonal OE? We note that OAE is a right 
triangle with the right angle at A. By Pythagoras theorem* 
ОВ?--ОА2--АЕ2--184-12--2 


us, OE is a length whose square is equal to 2. In other 

« words, the length of OE is the square root of 2. Let us agree 
to denote the square root of 2 by the symbol 4/2. 

With O-as centre and OE as radius, draw an arc cutting 

OX at D. Ther OD-OE—4/2. Then OD is a line segment 

in the number line whose length is/2. We learn in the next 


АМАЛЬ 

*Pythagoras Theorem: ln any right triangle, the square on the hy- 

potenuse is equal to the sum of the squares on the other two sides. You 
will learn this important theorem later on. 


= Sp ш х 
ПЕШ ТУ лаа. | 


Tee that there is no ratio 
ы ual to 2, that is,/2is nota pore ey раю Б 
have line segments on the number line whose le eae 
expressed in rational numbers. If we wish н ос 
5 of all segments on the number line кы 
15, 


ial numbers alone are not 
enou i 
there is need to extend our number P ed Шш аша 


1.3 The Fact that 4/2 is not Rational 
Let us think carefully over the i 1 
5 uest 9 
rational number х whose square н лае aoe кеме а в 
: now 


that 1?— 1, which is less than 2. Th 
: 2 han 2. Therefore, x must b 
than 1. Also 2-4; which is greater than 2. ычы 
must be less than 2. Do we know some rational TIN X 
ers 


between 1 and 2? Of course, we do. In fact, w 
many rational,numbers b A Tite as 
EE ab etween | and 2as 3 
10001010173 та 105501 69872 : . 
and 2. Let us write their squares. 1.8, 1.9, all lie between 1 
(1.0 = 121 > 
(1.2) = 1.44 j 
(1.3)? = 1.69 
(1.4) = 1.96 
(1.5)? = 2.25 
(1.6)? = 2.56 
(1.7)? = 2.89 
(1.8)* = 3.24 
(1.9)? = 3.61 


e that the square of none of the above 

: ! nu 79 
So x is not equal to any of the above AES 
observe that (1.4)2—1.96, which is less than 


We observ 
is equal to 2. 
All the same we 
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1 have been odd: Therefore, p=2xr for some integer 
ibstituting this value of p in р=2 х q?, we get 
(2x1)?=2xq? 
Now, (2хг)?=(2хт)х(2хт)=4хт?° 
Thus, | 4хт%ї=2хд° 
| "ividing both sides by 2, we get 
Ї 2xP=q 
л : 
| which shows that д? is even. As above, this implies that q 
| self must be even. Therefore, q=2xs for some integer s. 
| we have ended up by showing that p апа q are both 
ible by 2. But we had assumed that p and q have no 
non factor. This contradiction shows that our assump- 
must be false and there is no rational number whose 
is equal to 2. Hence 4/2 is not rational. 
bove discussion demonstrates the. inadequacy of the 
“umber system both from a geometric and an 
"nt of view. Geometrically, the rational numbers 
: to express all possible lengths, e. g., the length 
of a square of side 1 unit. Algebraically, the 
system is inadequate for extracting square 


, abers as 2. Thus there is need to ‘invent’ 
*ble to find answers to the above geomet- 
“пав. 


al number system to real number 
1 y numbers known аз irrational 
e which isa. . 

| square of ап с 


Let us next eumber 
odd integer. Its Arithmetic of rational 


10 


numbers. In particular, we know how to add two rai 
numbers : 
а, с ad Ebe | 
bid bd | 


We сап also add any number of rational numbers. І. 


"example; if we have four rational.numbers, say 
> 


ты 
pA. C89 gstó 
Then Ч 
Буа de POS А 
74787716 16 
Let us consider the following situation where 
keep on adding indefinitely. re we have to 
Suppose an insect is trying to climb up а pol 
high. Suppose further that the insect eine ЗОНЫ 
the first hour, 1 metre іп the second hour, 4 metre re in 
third hour, rẹ metre іп the fourth hour, 2, metre in the 
fifth hour, and so on. During every hour, the insect ч the 
only half the height it climbed in the preceding ШАК imbs 
the insect reach the top of the pole? Of course, not r. Will 


for however many hours he may keep climbing и. Because, 


be some distance from the top. However, aft will still 
hours, it will have reached fairly close to Яс first few. 
example, after four hours, it'has climbed top. For 
1 1 1 1 15 
(533€ ) metres = - metres , 
"n 
and is only = metres away from the top. 
? 


After five hours, it has climbed 
NEUE dor dS 
( 2541/8916 x) пе 31 metres 
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and is only g; metres away from the top. 

What we are doing is adding indefinitely the rational 

numbers 

RERO EE (n 

De aA AS ТОНОО 
where each rational number is half of its predecessor. We 
express this addition by writing 

Ї 1 Ш 

Е 

ta tgs tart 
It isan example of an infinite series. We observe that this 
infinite series has the property that if we add more and more 
terms, then we get numbers closer and closer to 1. We express 
this fact by saying that the infinite series converges to 1. We 
have actually come across such ideas in Class VII. 

We have learnt how to representa rational number asa 
terminating or a non-terminating recurring decimal. For 
example, we know that 

1 = 0.25 
апа 1 = 0. 333% 
When we write 1 =0. 25, we are saying (recall the place- 


value system) that 


а ЗР 
4 10 100 

Let us consider, however, what we mean by 
а: 


Now 0.333... stands for the infinite series 


3 3 3 
“10777100 1000 ^ 


and when we write 
24—10/333— 


MATHEMATICS 


converges 


c rational number 4. In other words 
if we 


ore and more terms of the infinite series 


ЗГ 3 
jo + 1009000 ^^ 
we get numbers closer and closer to з. 


The decimal representation of rational numbers is either | 
terminating as in the case of 


1 = 0.25 
1 , 

ог non-terminating and recurring as in the case of 
== (yeah 


This leaves out one case, namely, that of non-terminatin 
non-recurring decimals. 8, 
For example, we have the infinite series 


1 0 1 0 0 
9 777100) 71000 10000” 100000 
i.e. the decimal 
0.101001... 
This is a non-terminating, non-recurring deci S ` 
no rational number to which this infinite eee с 
Far, remember that the decimal representation of САВ 
rational number is either terminating or non-termi Mein 
and recurring. nating 
The non-terminating, non-recurring decimals are our 
numbers, called irrational numbers. new 


1.5 Decimal Forms of Some Irrational Numbers 


1.5.1 The Irrational Number 4/2 : We have alread 
that there is no rational number whose square is bana! ion 


1 
1000000 -- 
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Is there an irrational number whose square is equal to 22 


„The answer to this question is, ‘Yes’. In fact, we have already 


calculated the first few decimal places of this number. We . 
have shown that the square of 1.41 is less than 2 while the 
square of 1.42 is greater than 2. We can similarly check that 


(1.414? <2 < (1.415)? 

(1.4142)? <2 < (14143) 
(1.414212 <2 < (1.41429? 
(1.414213 < 2 < (1414214): 
(14142135): < 2 <. (1.4142136)° etc. 


If we continue this process indefinitely, we get a number 
х=1.4142135... 


- Which is а non-terminating, non-recurring decimal. We note 


from the above process that with the addition of each digit 


‘on the right the square of the number becomes closer and 


closer to 2. We call this irrational number the square root 
of 2. We have already agreed to denote it by the symbol 
4/2. 

1.5.2 The Irrational Numbers 4/3, V5,/7 : Proceeding 
asin the case of 4/2, we can show that 4/3, 4/5, 4/7 are 
also irrational numbers. We can similarly obtain their repre- 
sentations as non-terminating, non-repeating decimals. These 
are : 


4/3—1.7320508... 
4/5=2.2360680 .. 
/1—2.6451513... 


1.5.3 The Irrational Number т : The ratio of the circum- 
ference of any circle to its diameter is constant and does not 
depend on the radius of the circle. This ratio is denoted by 


MATHEMATICS 


| in detail about in part П of thi 
НЕ of 
representation 15 this book. Its 


3.141592... 
1.6 The Fundamental Operations on Irrational Numb 
imbers " 
1.6.1 Addition and Multiplication : We have i 
positive irrational numbers such as 4/2:578 introduced ыг 
to extract square roots of all positive m etc., a! 
bers, whether perfect squares or not, the latter ux num- 9, 
: g irra: 


tional square’ roots. We have also 

irrational numbers. In order to be she ae ор" 
we introduce the operations of addition ШЕ with them, 
with the same rules as for addition and О 
the rationals. For example, the commutative Bp with 
laws of addition and multiplication hold for pos 2 Ps И 
also. ive irrationals 


Thus, 

atb=b-+a, axb=bxa Commutative 1 

(a+b)+e=at+(b+o) (a x b) x e—a X (b хс) Associati Ын 
ve law 


ifa, b, c are three positive irrationals, then 


stributive law also holds, i.e., 


The di 
(а-в) x ccax c bx e, cx (a--5)—c x a-- " 
cx 


We note that we have used the same symbol 
and multiplication among irrationals as for ANS for addition 
By analogy with rational numbers weal onals: 
relations of order, that is, the relations of < so introduce the 
«Jess than аа the positive irrationals ЧЭ ter than’ and 
symbols ёо? апал ТОРО for these EN the same 
ns as for 


ithe rationals. -э 
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How 
quotie?? and Negative Irrationals : We next intro- 


is а ра Of subtraction for irrationals as. the inverse 
г same manner as for rationals. In order that 

2 to subtract one irrational number from 

s, it becomes necessary to introduce negative 
aus we introduce numbers such as —4/2, —4/3, 
ав for each of the positive irrationals, with the 


* aat 


№24-(—у/2)=0 
N34 (—Vv3)—0 
т +(—7) =0 
о on. As for rationals, these are called the negatives of 
/orresponding positive irrationals, and vice versa. 
ter introducing the negative irrationals, subtraction 
mes a particular case of addition. For, to subtract one 
ional, say a, from another irrational, say b, we can add 
tegative ofa to b. That is, 
b—a=b+(—a) 


en the operation of subtraction is considered as 
articular case of addition, it obeys the same rules as 
ition. 
‚ 6.3 Division and Reciprocals : As for subtraction, we 
'oduce the operation of division for irrational numbers as 
inverse of multiplication. 
“We also introduce, as for rationals, the concept of the 
, iprocal of an irrational number as a number whose product 
"^ the SR number is equal to 1. Thus, for example, 


1 
2/5’ 5L Aa sare the reciprocals of 4/3, 4/5, —4/7, т 
pectively. 
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have assumed above ; 
serve that we : : 

i Pi ны operations on rational. 
ЛЕ ын also. For example, we can have 
toge 


арат 
25/3, а 1586 


7. Simplification of Expressions Involving í 
1. а І 
umbers р 
AM learnt in Class VII that when we add Or Ln 
ў rational numbers, subtract one rational numt 
ши or divide one rational number by another п 
Жек the result is always another rational nu 
ra : pm 
For example, 


174.398. LI DLP КО 2) 
X 5: 10° 4 4] 14 
ба i с ЧС RIS 

1- -- = 55 24755523 


In other words, any expression fo 
numbers using the fundamental Орегайо 
be simplified and the result is а 
example, 

dios o oA i AP 
Ца) aber 


Tmed from Tatio. 
ns of arithmetic 
rational] number. 


However, wlien we form айу expression from rational У 
irrational numbers together by using the four arithmer{ 
operations, it is not generally Possible to Simplify «У 
expressions and express the result as а Simple ratio 1 
ifrational number. For example, we cannot gj li T | 
further even the simple expressions suchas 4/2; гон 2 і 
/5 eas VAS 
YT- ‚ etc. 
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However, we like, if possible, to write expressions involving 
quotients of irrationals in such а way that the denominator 
is a positive integer. For example, we prefer to write 


Ї 1502. 29 4/2 
VOT ELAKA EO, 
4 _4хМ3_4у3 
дү. СӨ ЖЕЛ ЛОП ҮЛ 


The method that we are using here is called rationalizing, 


the denominator. We give another example of rationalization 
of the denominator. 


3 wo А, 
*Example 1: Simplify 2806 
325 


Solution : We know from Class VII, the formuia 
(a+b) (a—b)=a?—b? 
So, it we multiply 3—4/5 by 3--4/5, we will get (3)2— (4/5) 
—9—5—4. We, therefore, multiply both the numerator and 


denominator of the gen fraction by 3--4/5. This will make 
the denominator a rational number. We get 


2--4/5 (24-95) (3--у5) 
3—/5 (3-4/5) б) 


6245-35-505) 
C GPS ү 


- -1145ү5 _ И 575 
т 4 am: 4 


18 Approximate Evaluation of Irrational Numbers 
Irrational numbers are necessary for the exact solution of 
many mathematical problems such as extraction of square 


MATHEMATICS 


roots, cube roots, etc., and solution of equations. But we 
seldom use them in our daily life and therefore we are less 
familiar with them. In all commercial transactions we use 
only rational numbers. Also all physical measurements are 
in terms of rational numbers. Therefore, whenever the 
mathematical solution of any problem of science, business, 
etc., involves irrational numbers, we wish to give the final 
answers in terms of rational numbers. Such answers cannot be 
exact as no irrational number is equal to а rational number. y 
But, as we have seen in some cases above, we can find 


rational numbers as close to any irrational number | 
please. This is true for all irrational numbers tho 


cannot prove this statement at this stage. What y 
practice is that we replace the irrational numbers by thei 


sir 
approximate values by taking the values up toa certain 
number of places from their decimal representations. Бог” 
example, if we use the values up to three places of decimals 
only s 


V2+1=1.4144+1=2.414 
4/3—4/2—1.732—1.414—0.318 


Mame Я Зы 27202327 11 
3242 141442 3414 9:800 


to three places of decimals. It may be emphasized that the т 
values on the right are only approximations to the values of 


the expressions on the left. au. T 
In most physical problems, it is sufficient to work up to 
three places of decimals only. If it is required to work up to 


a greater number of places, we can take such values from a 
book of tables as explained in Unit VI. 
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EXERCISE 12 


*1. Prove that 4/2 is not a rational number. 
2. Follewing the procedure used for 4/2, obtain the 
first four digits in the decimal representation of x 
4/3: 
3. Write 10 irrational numbers. 
# 4. Which of the following numbers are rational and 
which are irrational : 


@) 2. (ii) 08 (її) = — 4/3, (іу) 3—4/3 
(v) 0.202002000 ... (the number of zeros between 
consecutive 2's is increasing indefinitely). 
5. Calculate 1.12057--4/5 up to 5 places of decimals. 
6. Taking the values of 4/2 and 4/3 up to 2 places of 
decimals, Ша the value of 4/2x \/3.` 


7. Calculate й —=-ир to 3 places of decimals. 


8. Evaluate з + 4/3 up to 3 places of decimals. 


\ == 
*9. Simplify : м; 
“10. Simplify : 75-23 


1.9 The Concept of а Real Number 
We now know two types ofnumbers, the rational numbers 


and the irrational numbers. The rational numbers have 
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абор: or ‘non-terminating and recurring’ decimal 
representations, while the irrational numbers have “поп- 
terminating and non-recurring decimal representations. 
These two types of numbers together are known аз real 


numbers. Thus real numbers are of two types : those which are 
rational and those which are irrational. 


1.10 The Real Number Line ' 


We have learnt how to represent rational numbers on the 
numberline. We also saw in Sec. 1.2 that the rational 
numbers alone are not enough to measure exactly the lengths 
of all possible segments on the numberline. We found 
that the segment OD in Fig. 1.1, whose length is equal to 
the diagonal of a square of side 1 unit, cannot be expressed 
in terms of a rational number. Thus D is not a rational point 
on the number line. We can construct any number of such 
points. Some of these are constructed in the solved examples 
that follow this section. Thus when all the rational numbers 
are represented by points on the number line, 
on the number line are not exhausted. In 
there are many gaps left. 


all the points 
other words, 


The irrational numbers have been invented to fill precisely 
these gaps. When all the rational and irrational numbers, that 
is, all the real numbers have been represented оп the number 
line, it is called the real number line. 


You will learn in higher studies that W. 
numbers have been represented on the n 
are no gaps left on the line. We will not р 
truction of an arbitrary real number on th 
will limit ourselves to the construction 
irrational numbers. 


hen all the reaj 
umber line, there 
© into the cons- 
€ number line and 

of a few simple 
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Example 2 : Represent the irrational number 4/5 on the 


number line. 


Solution : We observe that 5=12--2?. So we can construct 


4/5 as the length of the hypotenuse of aright triangle whose Ё 
sides are of length 1 and 2. 


Let OX be a number line on which О represents 0 and А 
represents 1. (See Fig. 1.2) Draw a line AB perpendicular to 
OA and mark B on it so that AB=2. OA. Then 
OB?=OA?+ AB? 
-1-4 
-5 


Now mark a point P on OX to the right of O such t 


ОР--ОВ. Then P represents the irrational number 4/37 4.1... W, 
ФАК. WEST раце 2 LX ME 
3 = y X 


Ба 
Вес Мо............. 
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Example 3 : Represent the real number Vio 10 ол the number 
line. 


Solution : As in Example 2, we observe that 10—124-32, 


Fig. 1.3 


Let OX be a number line on which О represents 0 ШАА 


represents 1. (See Fig. 1.3) Draw a line АВ 
OA and mark B on it so that AB=3.0A. Th хо F ndicular to 


OB*=0A?+ AB? 
=1+9 
-10 


““Моуу-шагс a point О on OX to the ri 


Шар of Osuch that 
QQ-OB. Then О represents 4/10. tha 


————— аа йн 
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Represent the following numbers on the number line. 


1. ув 2. VIT 
3. /18 4. 34/2 
5. 14/2 6. 4/2-1 


*7, Represent the number 4/3 on the number line. 


8. Give five examples of points on the number line 
which are not rational. 


MEAN nS GO a c LEM 2ге ырл. ALLEN E 
Key Concepts 


Irrational numbers Real numbers 


| Arithmetical operations Representation of геа! 
on irrational numbers numbers on the number 
line 


' MATHEMATICS 


(V/38—4/3x4/3x V3 (three factors) 


(Q/3)*x (/ 35—A/ 3x 3X A/3x 4/3 4 factors) x 4/3 
XA/3x4/3 (З f 
WRK VBR Ч 
(4+3 іе. 7 f | 
LANA ie actors). 


Thus, we see that 
(4/3) х (V3F=(V3) 
Can you show that 
(//3)53-(/3)7--274/3 2 
Example 6: Multiply (4/2? and (4/2)*, and 
product in the exponential form. M ts 
Solution : We know that 
i (у2)--4/2х 2x 2 (three factors) 
an 
(V2) 2x 2x 2x 1x 2x 4/2 (six factors 


ау to 3+6=9 factors 


аўн 
Thus, we see that 22 


уха ыў че 
Can you show that (4/2)?*9—(4/2)* —164/2 7 
In the above two examples, the ex 
positive. We now consider a couple of а а 
one of the exponents is negative. Ich 
Example 7: Multiply (\/2)° and (\/2)3 
Solution : We know that | 
(/2)#= /2х V2xXV2x V2 v2 (five factors) | 


TW 1 


EXPONENTS AND RADICALS 31 


and 
1 5 
(/2)-5= wa У (Three factors in the 
denominator) 
So 
(1/2)? х (/2)3—4/2x4/2x4/2x4/2x4/2 
X /2ху2ху2 
_ V2XV2xXV2XV/2X%V/2 


/2x4/2x4/2 
(Five factors in the numerator and 
three in the denominator). 
We can cancel three factors 4/2 each in the denominator 
with three factors 4/2 each in the numerator. We will then 
be left with 5—3=2 factors in the numerator. Thus we see 


that 
(уд) x (4/2)? —/2 x (ў — (y/2)5-* 
(/2)* x (2) *—(v/2)5-8 


We observe that we can also write 5—3 as 5+ (—3). So we 
may also write 
(VDE x (2)? (2) *c^ 
Can you see that (3/2) x (2)?—2 ? 
Example 8: Multiply (4/3)* and (4/3)-* 
Solution : We know that 
(V/3)4—4/3x /3x /3x4/3 (four, factors) 


or 


and 


T V3XV3KXV3XVIVV/3X Зх 4/3 
(Seven factors in the denominator) 


E 
ч 


Ф UNIT il 
Exponents and Radicals 


7 
We have learnt the terminology of exponents and studied the basic i 
rules for multiplying aud dividing numbers written in the exponential nota- 


tior. Now we will study powers of positive real numbers, Also we will 
consider the case when the exponent is rational. 


p 


Р 
2.1 Introduction ? 3 

In our earlier classes, we learnt about squares, cubes "D 
other integral powers of rational numbers. For example, (4)? 
is read as second power of } or square of 3 or $ raised to the 
exponent 2 (or simply, $ raised to 2) ог 3 square 


. Also that E es х1. 


3 3 S 
AA 2 уз 1 1 
ТОГА se e Де 
= 3 G)  $xixài 


The raised numeral, as we recall, is called the 
index. The number which is raised to some | 


« 


exponent op = 
з 1 index is called а 
the base. Thus in (+) — is the баўе and 2 is the exponent. : 


Ва 
Similarly, in (2) = is the base and 


3 3 —3 is the exponent. 


са 
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We have now extended our number system and introduced 
real numbers. We, therefore, like to study powers of positive 
real numbers. Аз іп the case of rational numbers, when а 
real number is multiplied with itself, we get wbat^we'call the 
second power or square of the real number. 


For example, 4/2 х+/2 is the square of 4/2.and is written аз 
(\/2}. Higher powers of real numbers are defined similarly. 
Thus, (\/3)*=V/3X /3x4/3x4/3—3x 3—9 
(4/5) 9 / 5x A/5xA/5—(V/5x4/5)x(V/5)—54/5 
In other words, if b is a positive real number and m isa 


natural number, then b" denotes the product of m factors, 
each of which is b, i.e., 


b» —bxbx...xb (m factors) 


We define, as in the case of rational numbers, b?—1 when 
the real number b is not equal 10 zero. 


Thus, (4/2? —1, (У3У--1, (/5) —1, 7°=1, etc. 


It is clear that the first power of a real number is the number 
itself. 


= = EL м5 \:_ 4/5 
Thus, (/2)'=V (V3) = МЗ, (№5. | ) Vete 
- 5 ЕД 1 1 РАМ 
We recall di we write 3 for > 37” for 3» (2) 


for 


etc. The same way, we shall write, (4/2): 


1 
(3)* 


“Тог даг (4/2)-* for 


1 
УЮ? Qe Ў 
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4/3)* X (V 3) =V3XV3XV3XV3 
1 


HEVEFSVEPSVEFSVEESVETSVAEUVE! 
MV3xA/3x4A/3x4/3 
= А3ХА/3ХА/3ХА/3ХА/3хА/3х Ау o 
We note that there are four factors 4/3 each in the 
numerator which cancel with four factors 4/3 each in the 
denominator. We are thus left with 7- 4-3 factors i 
denominator. Therefore, 


4 TEM ling Nel 
О Fg сузу 
'Thus, 


(v/3)* x (3) — (3) сЗу (4/3) 4-: 
We observe that we can write this also as 
(VI x G/3)* Зе» Wa 


Can you see that (4/3)*x(4/3)-* T3 


We now consider the general case of the product b» 


e 


5 ҮД? xb" 
where b is a positive real number and m,n are whole 
numbers, then 
b"—bxbx ...up to m factors © 
and 
b"=bxbx ...up to n factors 
So 
b"xb'—(bxb* ... up to m factors) х 
to n factors) hei (bxbx.. up 
=bxbx... up to m+n factors 
Lp 
Thus, 


рт х "= b7*^ 
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We сап verify that this result is true also when m or n or 
both are equal to zero. 
Next, let m, n be whole numbers, with m>n. Then 
b™ xb =b"™ x == 
__ bxbx... upto m factors 
— bxbx.. upto n facturs 
= bxbx upto (m—n) factors. 
We observe that since m>n, m—n>o. Thus, 
b” x b" =þb"-" 
We can similarly prove that, when m<n, 


1 1 
b" xX b?= prem “рава Б" 


It should be noted that we can also write ре» for b= xb- 


Thus we have the general rule : 

If b is a positive real number and m, n are whole numbers, 

then 
b" ХБ" 
E xb” = Б"-" 

We note that when we multiply two exponentials with the 
same base, the exponents 2re added and when we divide one 
by another, the exponent of the denominator is subtracted 
from that of the numerator. 

We assume that the above rule is true also when the exponents 
т апа п are rational numbers. 

The above rule for products of exponentials can реехїеп4- 


.ed: to finite number of factors. Thus 


ххх. ха” 


p -as in the case of rational numbers, if b is a real 
and т а natural number, then we denote by b- the 


expression . 


1 Re ds. 
That is, 5-"= F 


93. 


. Write the base and exponent in each of the following 


. Write each of the following in th 4 
tion : 8 In the exponential nota- 
(i) V2XV2XV2xXV2 (й) V3x 3x3 
qu (iv) 2 
(у) a?xa-?xa-? ч 
Write each of $ and ў in the exponenti : 
in two different ways. ial notation : 


MATHEMATICS 


E , (r factors in the denominator) 
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numbers : 


Ф (/2° Gi) (VD? (2 Giv) (а?)з (v) (аар 
(vi) a° (vii) (v2) (viii) 1 


гіпа the value of 
(i) Gay (0) З (ey Gii) (4/2)-4 
бу) (/3* (0 У ' 
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2.2 Numbers with Rational Numbers as Exponents 

We know that 2?=4. We agree to write this also in the 
form 43 = 2. Similarly, since 

3?=9, we write gt =: 5 

33—27, we write 213 = 5), 
and so on. In general : 

If a and b аге two positive real numbers and n a natural 
number such that b^—a, then we write also ах =b. 

For example, (4/2) =2. So we can write 2) —4/2. Similar- 
ly, we can write 5% = “V/s. x 

We now consider a couple of гхапіріе to learn a rule. 


Example 1: Let us consider (4/2)* 
Solution : We know that 
(ух / 2x / 2x /2x /2x4/2 

—(V2x 2) X (2x 4/2)x (V/2x 4/2) 
=2х2х2=23 
ат 

But we сап write ISP 

. Thus, we find that Q3' —2%*°—2 


Example 2: Let us consider Сар 
Solution : We know that 


-4 21 1 
(3 разу 


BA 1 
CUBXVSX(3xv3 
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1 
But we can write 4/3—3? 
TÉ 4 -4 1х(-4) TA 
Thus, we get (3 ) сна —3 2 
The above examples illustrate the following rule - 


If a is a positive real number and m and т i 
positive, then 


ntegers with n 
lm a 
(а^) = а” 
| 3 т 
In other words, the mth power of a ^ is ал | 
We now consider a few examples making use of this Ж, 


Example 3 : Find the value of (8)# 


Solution : By the preceding rule, (8)5--(83р 
Now 2°=2x2x2=8 shows that 8°=2. Thus 
85— (859—222 x2—4 

Example 4: Find the value of (16)* 

Solution : By the same rule, (16)* = (165)8 
Also, 24—2x2x2x2—16 and so (16)?=2 
Thus, 

(165 = (165) —2:—2x2x2—8 
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EXERGISE 22 


1. Find the value of 


(i) (64) (ii) (32)5 
(iii) (27) * бу) (25) 3 
(v) (256) Ë (vi) (144)* 


(vii) (8) viii) СЭ 


2. Find the value of | 
5 
(i) 44-(64* 
(11) 10—(8) 7 


2.3 Laws of Exponents 

231 We now study the multiplication of numbers writ- 
ten in the exponential notation with the same base which 
may now be a positive irrational number. We have observed 
in Class УП that when we multiply (3)? with (3), we get the 
number (2)3+5 =(3)°. In general, if we multiply two numbers 
written in the exponential notation with the same rational 
number as base, we get a number with the same base and an 
exponent which is the sum of the two exponents. We now 
consider seme examples where the common base is irrational. 


Example 5 : Multiply (4/ 3)* and (ү3) and write the 
product in the exponential notation. 


Solution : We know that 
(уЗу —/3x / 3X A/3X 4/3 (four factors) 


34 м МАНЕ СЗ 


where b is апу, positive real number and m,n, p, .,r are 
„опа! numbers. ' | 


We consider.some more examples. ve | 
nil rre (ay х (М 2) і | 


Soluti We observe that the bases are same, therefore 
in multipigat on: cape have їо Бе added. 250 


‘(М2 х (2) л nm (ye = (v2) 
АЫ i 
) (узя | 
pi ў 
ў 4 (ar yr Y ч. 3 m 
Example 10 : Evaluate (4/5)? x (4/5)? m 
Solution : Again, the bases are same. Thus, in multiplica- 


поп). Норов Haye to beradded.. We get „= 
Сз E -3 з 
(v5)? x 97-09 Pt MEM ВЭ 


„же оны} RUN Hap tama: € іг | ja 
vs 1 = 1 ў 
У5хлч/5)х(ү5х4/5) 555 72 
AX 
25 
аў 0176 “єЛцэлөцхэ ою, {зїн 


du hag Берд : 
EXERCISE 2.3 1 

1. Express each of the following as a product ora 
"quotient of powers‘in which both a, b (assumed 

positive) appear only once and all exponents are 
г positive: 

-2а4-21уү)- 5 ү-2 
Е) 
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арнат Басса зүү 
AE uc sane an 
a 


2. Which of the following are true ? ™ 


(i) Аб 23—325 (ii) 32x23— 24 SX 
(iii) (V2 х2=(/2) е > 
ОЕ E M eO Т: 
(0 (/5 х/25-(/5 9,574 ж, M 
(vi) (Vx 28 (Sj 
(vii) 3°?x 22=6° ; 

(viii) a-3--a-?—a-*,a positive ^ `` з 

(ix) (у2) (ў (2) | 
(х) (ЗУ x (39 (/3)* : 

(xi) aie а‘ =a, a positive ^ - 235 i 
(хіі) a*—a5 —a-?, a positive A ) 

(xiii) iP ada а positive 1% i 


H ки 
2 4 М v 


3. Determine К in each of the following : 


а (I2) - (2 = V2)? 
© (ti) (V3) (уЗу = (473): 
(i) (ух (2-2 .. 


Ї 


2:39 We пахі try to diseover a rule for the power of a 
real number written in the exponential notation. 
Consider for instance, 


[( v2yp-(y2)? x(v29 


The bases art the same. Therefore, in multiplication, the 
exponents have to be added. We get 


е MATHEMATICS 
E [( 2) = (V2)? -(V2* (2)? 
Let us consider some more examples. 
Example 11: Consider (z*)* 
Selatiea : We know that 
(r5)! =T xx *Xx29x7*X2* 


Now the bases are same. Thus, in multiplication, the expo- t 
nents have to be added. ‘We get 


(«еў —л4+4+4+4+4 — 120 _ дахв 


Example 12: Again consider 


| я” ^ 
Solution : We have learnt that, 1 
ЮРЖ зь 


Я” З 


й 1 1 
“(ү58х(у51х6/5х(у59х(/5)Үх6/58 
que 4 


=" 33000252 
5) 8th tati ++i 
(Js ) (v5) | 
2 1 4 39-9) 

сара 

The above examples illustrate the rule : 
If b is a positive real number and m, п are їг then 

(b”)* 25 Б" 

We now consider some examples to discover another 

rule 


EXPONENTS AND RADICALS 37 


Example 13: Let us consider 23 
Зөн өв: Now, . 
0 (%у—(у2=(у2ху/2ух/2=2у/2. 
| Q»! -81-4/8-44х2-24/2 
We thus see that 27 ай ? 
Example 14: Again consider (27) 
Solution : Now, 
ото" 
Also 27=3х3х3=3°. Thus, (27)* —3. We therefore get 
от) = (351519 
Again (07) = {27x27} 
= { 3x 3 y ={3°}# 
= (знаё 
{3232ж 32) 
=3%=9 
We thus see that я , 
((27РР =(27)° 
The above examples illustrate the rule : 
If b is a positive real pumber, m an integer and n a natural 


number, then 
(b*)* = be 
Example 15 : Consider (2) 
Solution : We know that 4#=\/4=2. Thus | 
(1—0 
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= (22) { ЕСЫ 
2 -(ү2у 1 pr biel i авиаг: 
=(@)%= (64)? =(16x 4) 

бул эз уі 


Thus, we get (47)? —41 EE MADE 4 

The above example illustrates the гше: MAR | 
If b is a positive real number and r, s are rational numbers, | 

then 8 

(b yb zi 
Example 16 : Find a, if (v (уд). ‚= 
Solution : Using the above rule, we get, 

3x5) 
LHS.-(v2yi (у 2 (у 
2241 і 
Thus, (42)55-(/2) 


15 

Therefore, 5 = 2a+1 or 15 ='4а-+-2, іе, 
4a =13 

Thus, 
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1. Which of the following are truc 

(a is always positive) 
(1) (23x2)-—a-* 
Gii) (a^ Ха" =a? 


and why ? 


(ii) (а? x а)--а? 
(iv) (atx a-1)2—a5 
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(у) (Эх àja" 


00) (арх (v5 = адна 
2. Evaluate and express the result in exponential 
notation. ў imus 


Ф (29x (2-99...) (2x (2) i 


Gi) (/39--(/3)]- (ў) RESET 


З. I 3x (/3*x (/3) 23x /3, find ae , 1. 
4. 2x (V/2)°X (V2) * - (2*9; find a.^ | 


1615 


2.4 Simplification of Radicals 

We recall that V2=28 is called square root of 2, 1/3-- 3% 
is called square root of 3. Also 8* —2 and we call it 3" IDOL q 
or cube root of 8. Similarly, (81 = 3 is called 4th root 
of 81. In general : 

If a is а positive real number and n a natural number, the 

a 
positive real number а" is called nth root of a and is also 
denoted by \/а. In this symbol, which is called a radical, n 
is called the index of the radical. Also ‘a’ is called the 
radicand. 
a 
Моге: (i) When n=1,a® = а! = a, and then Va = a itself. 
(ii) When n=2, the index is not written down with the 

radical sign as we have already been using the </’ for the 


square root. 
We now consider two examples to discover a rule for the 


multiplication of radicals with the same iadex. 
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aple 17 : Evaluate V9 x /j6. 
: We know that 32-9. 
4/9—3. Also 4--16 
HAN. we get 164. 
Therefore, 4/9 XV16=3x4=12. 
Let us now evaluate 4/95 16. З 
We know that 9 х 16--144--(12), and so we get 
М9х16 = 12. $ 
We note that 4/9 x 4/16—4/9 x 16. 
Example 18: Evaluate 277 х 3/8. 


Solution: We know that 27—3x3x3—3?. We there: um 
get 
4/21 = 275 —3 


Also 8=2 x 2x 2—2? and we get 


j V8 = (8)5 — 2 
Thus, 327 X 7B=3x2=6 
We now evaluate З 27278 


We have 27 х8:-216--6х6 х6--63 
Thus, 


V27x8 = (27x8)3 —6 


We again note that 3/27х 2/8 = V27x8 

We observe that when we multiply two radicals with the 
same index, we get a radical with the same index and radi- 
cand which is the product of the two radicands. Thüs, we 
may say : 


If a, b are positive real numbers zd n is a natural number 
then, 


Ма x yb = Vaxb 


НЬ... 
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We now consider two examples which illustrate the rule 
for division of one radical by another with the same 
index. 

Example 19: Evaluate 4/25--1/4. 

Solution : We have 25—5x 5—5?, and so 

А v25—5 
Also, 4=2 x 2—2?, and so 

/4=2 
р 5 


Thus, /25+1/4=5+2= > 


Let us now calculate Ч 25 Г 


We know that 


‘We therefore note that 
4/25--4/4--4/25-4 
Example 20 : Evaluate 28/27--3/125 1 
Solution : 27=3 х3 х 3—33, and so 


4/27--3 | 
Again, 125—5x 5x 5—5*, and so n3 
М125 = 5 малд 
Thus, 3/57 --3/125 = 3 +5 = 


Let us now calculate 2/3272 125 
2 VERE RE NE ER 
2315-533 Xs XG 7(5) 


and so 


салж а 
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№ We again note that ve аы acd ie tà га 


321-125 -3/77::125 : 
"Ме observe that 


t а Км 4 
If a, b are postive ша numbers апа п is a natural number- 


olve some more A camp 
xample 21 : Simplify 4/72. | 
Solution : Wè know that d 


72=8х9=2х4х9 5 
Using the above rule twice we get 
372-54/8 х9-54/2х 4ХА9-541/2х-/4х 4/9 
Again 4/4—2, 4/9—3. We therefore get 
/72=2 X3XV/2=6/2 
Can you see that we could also have written 4/72— 


=4/36 х 2 = 62 v36x2 
"c УЫ 
Example 22 : Simplify 83. 


Solution : We know that 
* 63 9x7 9х7х5 9x35 


Санаа ЭЭЛ ЛЭЭ 
Using the rules obtained above, we get 


7 63 — [9x35 49х35 J/9x 4/35 
52 SP арта 
хм 


5 
35 


5 
Example 23 : Simplify %/1024+%/32 
Solution : We know that 
1024—2 x2X2X2X2X2X2X2x2x2-21 
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Thus, 1/1024--2 
Also, 32=2х2х2х2х2=25 
Thus, 35-2200 ! 


Therefore, we get 
Ч/1024--132--2--2 ` 
=| 


EXERCISE 25 


Using the rules learnt so far, write the ЩЕ num- 


bers in a simplified form : : 
Ye \/18 
1. 32--1ү18 2: VT 
100 ei 
3 VN 4. УП (уту) 
z A/98 х 4/7 d 4/75 х 4/60 x 4/63 
ў v2 ў А/200 
E а 2 py 
7 A9 x у32 2 3 


Simplify the following, assuming that a, b represent 
positive numbers. 


9. ^s asp 


3 E СДБ V. b? M 
УЕ FE “pt ai хү d 


15. Vab--2b 
ши 
16. (\/a+v/b) (/a—vb) 


Key Concepts 


Exponentials with Radicand : 
positive, real base 
Ind 
Laws of exponents with р 
rational exponents Laws of radicals 
with the sa; 
Radical index ЖЕ 


Algebraic Expressions 


So far we have learat algebraic expressions with rational coefficients. 
In this:unit, we study about algebraic expressions with real coefficients. In 
particular, we learn how to add and subtract polynomials im one variable. 
We will also consider rational expressions and Operations with them. 


3.1 Recall 

In class VII we have studied algebraic expressions 

. with rational coefficients: In particular, we have learnt how 

{о add and subtract polynomials in one variable. 

Recall that an algebraic expression is a number ora 
combination of numbers (including literal numbers) formed 
by using the fundamental operations. | 

An algebraic expression of the form 


Bo taix—aox?+-asx?+... Рах" (ш? 


is called a polynomial in one variable х. Exponent of x in each 
term is a. whole number and а,, аз, az, ..., a, are real numbers. 


*We note that, in (1), we have used (n-- 1) constants ао, а), а», ..., ав for 
convenience, as the letters а, b, с, .. ofthe alphabet may not be suflicient 
in many cases. We also note that in each term of expression (1), the expo- 
nent of x is the same as the suffix of a. 
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| The degree of а monomial in x is the exponent of x in the 
_ The degree of a polynomial is the greatest of the 
5 various terms. 


> degree of the monomial 4 x? is 3 while the degree 
і я 5 ^ "i . ig и i 
of the polynomial oU EN x dem ОНООС 


-We have learnt how to add (or subtract) polynomials with 
rational coefficients. We simply collect:and add (or subtract) 
like terms. For example, 1 х 


(pe- desde) (bide e] 
гае Зеўса зе 
oh Sat он c 
РЕ пух +e H- = 


In order to familiarize ourselves fully with what we have 
їп the previous class, let us work through a See 
: d 


learnt 
exercise. . 
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1. What are the degrees of the following polynomi 15? 
1 lals ? 
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8 > l3e sn аа IS ses 
m О: та 19^ 
xL] nus ТЭ 8 
hn Y мара 


2. Arrange the following monomials in increasinz order 
of their degrees : : 
8 2 99- 101 x5 


rege? Tp ОЙ 10 goto 

M 3. Add the following pairs of polynomials : 

1972 34220 аа бу лээ ган 

40. ранак а aig te AY 20У 
| Эра лг ТОКЕ Ee ТЕ eos 
i Sb Et 57 97” ES + ir 9 2 

5 4. Subtract the polynomial , 
83 18 6 


2 3 
та БУ ТО” 
f йылы бу сн. Ма Б 
rom the polynomial -=Y t7 Y —-—У°. 
57 5 7 7] 
5. Write the coefficient of x іп each of ће following 
algebraic expressions : 
и 9 — 
ary 495 —— txz 
А 6. Subtract the sum of 
6.5x*-1-6.4x? — 6.3x? and 32x1-4-3.1x2 —6.2x? 
from the sum of } 
“а 8.1х24-8.2х° and 6.1х5--3.7х"--8 
7. Write five polynomials in x, all of degree 5. 
8. If we add two polynomials of the same degree, is 
the resulting polynomial again of the same degree or 
can it be of smaller or higher degree ? 
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9. What should be added to the polynomial 
7х2--5х--6 to get the polynomial 3x? —7x 4-7 7 

10. What should be subtracted from the polynomial 
8x2—2x-L-5 to get the polynomial 10x?—3x 4-8 ? 


32 Polynomials with Real Coefficients :: Addition and 
Subtraction 
We now allow the coefficients to be real numbers. The 
rule for addition and subtraction of polynomials with real 
coefficients is the same as for polynomials with rational 
coefficients. For example, 4/2 х 18 a monomial in which the 
coefficient of x is /2. If we want to add this monomial and 
the monomial 3x, then the result is Ї 
МЭ, х+3х=(у2 +3)x, 
ie; the coefficient--of x in -the sum. is the sum of the.real _. 
numbers 4/2 and 3 which are the coefficients of x in Эх 
and 3x respectively. Let us have some examples of addition 
and subtraction of polynomials with real coefficients. 
Example 1: Add the polynomials 
1 ЭГ Ї 
23 2 х2-- 3 
3 х+у2 х Va x 
1 


2 5 x? 
and 4*-V2 x Tus? 
3 


ы IE uc 


| Solution : (4x4 VIX дя у (уз с ) ; 
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«а (о) (ур) 


УЗ 
ЖЭ. л 
=X VER x2 
Example 2 : Subtract the polynomial 
th Ey Gee І з 
3 X4 2x 73 X 
from the polynomial 
2х- м, 139 
Solution : The required polynomial is 
2 ct Ua 1 VS 
(2x-v1w— 787 —X \- (4x+ v2x 3х ) 
ЫЫІ Иа eus dag 
= (4x zx )+( М2 — у? ud Өрх) 
212513 ра! рус шы 
Y (5 ал у vde (55 78 y 
= lx Хх” 
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е 1. Arrange the following monomials in increasing order 
of theit degrees : 


2 x5, 1 3 зауы 6 x? 


3 Te 1.5 
2. Write the coefficient of x in the following algebraic 
expressions : 
(1.2) ax, l bx v2 cdx 


E ту DEAS 


ганца е; 
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уза xe oe 


4. Subtract the eee y yea 11. 


from DLE 0 У 
JE >з?” Хуа? у 9 


5, Simplify: .. ха Py шал 
(н 55 TE т 23) 8, | 


— (2+ уха x) 


ы Simplify BN | 
(+ А/ B x}-(v3 х хн a х) e 


3.3 Multiplication of Polynomials 

Recall that if n isa natural number and x is a literal 
number, then х" stands forthe algebraic expression X X X X --- хх. 
{о п factors. 

Also х° =1 Бу convention. 

ЇГ x? and x" are two monomials. (here m and n are whole 
numbers), then we define the product x™xx" as x min For 
example : 

xox ххх". 
х2 хіба скан xn 
х6 х х0--5880--35 
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EXERCISE. 33 
1. Carry out the following multiplications е 


(1) xxx? 
(ili) x°x x? 
2. Fill in the blanks 
(i) x’ xx= = 


(ші) хех exe 


3.3.1 Product of two Monomials : 


(ii) “x? x x6 


. (iv) хїхх 


(ii) x?x... =x8 i 
(iv) x*x —35. 


Let ах" апа bx? be two 


monomials with real coefficients a and b, then the product of _ 


ах" and bx" is taken to be (ах b) х"+" 
That is, (ах") x (bx" )--(а x b)x"** 


Note that the coefficient of x™* in the product is the pro- 
duct of the coefficients of the monomials. The exponent 


m-n of x in the product is the sum 
in the two factors. 


Example 3: Multiply 2x* and 45 


Solution : By definition 


of the exponents of x 


(2x8) x (4х )= (2х pe? & 
= 2 ую 
Example 4 : Multiply ax and Jot 
Solution : = Ул xs im 2 яг? x) 
Бэ" 
а 


x18 


ПОПЕ 


© 
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EXERCISE 3.4 


out the following multiplications : 
Жл) 2. (Эх) (68) 
з. (gp) а (Sese) 


5. (24:75) х°х(у2——у)* 


2 

6. (6-2) ех Yow 

Fill in the blanks : 

7. (2x°) x ...=8x" ах (33 хо у” 

—16x? 4 х5ү_ 

9. (= )x(> )-- 

10. (“3 х" ) х = к 
№ 


3.3.2 Product of a Polynomial and а Monomial : We now 
learn how: to multiply a polynomial by a monomial. 

Let ах! be a monomial and 

а,-Га,Х-ГадХ"--..--адх” 

be any polynomial with real coefficients ас, а,, 2,,...,am. In 
analogy with the distributive law for real numbers, we would 
like the multiplication of polynomials to be distributive 
with respect to addition. For this reason, we take 
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ах" X (a,--a,x-Fa,X*-..--a,X") іо be equal to (ах“)хао 


-+ (ax?) х(а,х)--(ах")х(а,х2)--...4-(ах9)Х(адх”). 


Заха каха, )x"*!-- (a x as)x"** +... + (aXan)x 


Therefore, by definition 
ax? x (a, +а,х-а.х?-...-Раьх“, 
-4(аас)х"--(аа, ) x**! J-...-- (aa) xH 


Example 5 : Multiply 4x with (3x+4). 
Solution : (4x) x (бен) 
=(4х) x (Fat) нед 
“(вх 3e (ex Spee 
=6x°+3x 
Example 6 : Multiply уз” with (3x?-+4x). 
Solution : ( va) (353145) | 
=( 77” ) хх) 29) х(4х) 
-( ya х spe ( ух аан 
= ‚3 храк 


Зах 
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Carry out the following multiplications : 


1. (4/2 x) x (2284 ) 


а 


MATHEMATICS | 


«Ч 


3.3.3 We have learnt above about the multiplication of а 
polynomial with a monomial. Now we learn the multiplica- 

- tion of two polynomials with real coéfficients. 
Suppose we are given two polynomials with real coeffi- 


cients. For convenience, let us call them P and О. Then P, 
being a polynomial, is а sum of a number of monomials. We 


can multiply each of these monomials with the polynomial 4 
О. The sume all such products is called the product of P 
апа О. - 
Example 7 : Multiply 2х--3 by Tx—4. 
Solution : (2x4-3) х(7х—4) 1 2 
= (2x) x (7x—4)+3X (7Х--4) 4 
= (2x 7)xt*1-+ (2x) x (—4) "Y 
43x (Ix) 3X (—4) . 
—]4xi—8x-4-21x—12 ^ 
= 142+ 13х—12  . 
Example 8: Multiply a—bx by a+bx, where a and b 
are real numbers. 
Solution : (a—bx) x (a+bx) 
=a x (a+bx)+ (—bx) x (a4d-bx) 
=a? +a x (bx) +(—bx) x a+-(—bx) x (bx) 
=a?+abx—abx—b*x? , 
Lab 


3 | 


ALGEBRAIC EXPRESSIONS 55 
Example 9: Multiply 


get gt у 


2 
— Ч. =. 
57232109 

4 2 2 ) 


Solution : (4845 x+1) х( 5 Ха xt 


ЗЕ на) 


А 1 "Каут 
0: Multipl 2+ у—у? by 6—4/5 у. 
Example 1 ply У 73 у-у by 6—у5у ^ 


NONE de. pm oe 
, шанаа (2-5 y) (6—/8 y) ( 
Уже же y) (ууу )x$ 
(а ху Cero S) 
26/2/10 y+2/3 y- у?— 6y2+/5 y? 


=6/2-+(2V3—V/10)y— (8-9) УЗ уз 


Ч? : MATHEMATICS 
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out the indicated operations : 


1. (x+1) 

23:21 3250) 

З. (k—1) x G8-Ex-4-D QS L7x—1) ) 
4 4. (x+ 2)хх—у/з›—( в 0) ў 

аа РЭН 

T x(k) 

7. (v2+>-2-2)x(5> +2) 


3.4 Division of Polynomials 
Weare already familiar with division of numbers. For 
example, when we want to divide 15 by 3 we ask ourselves 
the question : By what number we should multiply 3 to get 
157 We find that the answer to our question is 5, and so 
we say 
15+3=5 . 
Division of polynomials is also defined in a similar manner. 
Consider, for example, the two. polynomials 14x?+13x—12 
and 2x--3. In example 7 of the last section, we have seen 
that if we multiply 2x+3 by 7x—4 , then we get 
“14х2--13х--12. F 
Ме can, therefore, say that 14x?413x—12 divided by 
2x43 is 7x—4. We express this by writing ў 


4 
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(14х2--13х--12)--(2х--3) =7x—4* 


Suppose we had not carried out the multiplication of 
2x--3 and 7x—4 in the last section, and we were asked to 
divide 14х2--13х--12 Бу 2x+3. 

How would we have obtained the polynomial 7x—4 : We 
observe that the degree of 14x?--13x—12 is 2 and the coeffi- 
cient of the highest degree term, namely x?, is 14. On the 
other hand, the degree of2x--3 181 and the coefficient of 
the highest degree term, namely x, is 2. Now by what expre- 
ssion we should multiply 2x in order to get 14x? ? Clearly 
7x. So let us multiply 2х--3 by 7x. We get the polynomial 

(7х) x (2x+3)= 14х2--21х 
If we subtract this polynomial from 14x2+-13x—12, we get 
14x2--13x— 12— (14x? -21x) =—8х—12. Now —8x—12 and . 
2x--3 both are of degree 1. If we multiply 2х--3 by —4, 


we clearly get —8x—12. 
Thus wesee that 7x—4 is the polynomial with which we 


should multiply 2х--3 in order to get 14х2--13х--12. 
Let us have some more examples. 
Example 11 : Divide the polynomial x?-+7x+12 by х--4. 
Solution : The highest degree term in х2--7х--12 is x? and 
its coefficient is 1. The highest degree term in x+4 is x and 
its coefficient is 1. So we multiply х--4 by x. We get 
(х-Е4)хх=х?-+-4х. 
that we cannot divide any number by zero. Similarly, 


mials, division is not valid for any value of x which 
110 zero. Thus, in the above example, division 


* We have learnt 
in the case of polyno! 
makes the denominator equa 
is not valid for! ка which makes the denominator 2x+3 equal to 0. 
This fact is understood in all cases of division а 


again and again. 


nd will not be mentioned , 


чу i MATHEMATICS 
Subtracting x?-+4x from x*-+7x+12 we get 


х 457х--12--(Х2--4х) =3x 4-12. 

X 4212 =3 x (x4-4). Thus 
(х-Р4) х(х--3)-224-4х4-3(х4-4)-х9--7х--12 апа 
(х2--7х4-12)--(х-+4)=х+-3. 
We can exhibit our calculations as follows ав in long division 
for natural numbers. 


x+4 ) Sains { Хара z 


х2--4х 


„ы 


0 ) 

As in the case of numbers, we call x?4+-7x-+12, the “Ж. 
х--4 the divisor, and x+3 the quotient. di 
In the above displayed. form ofthe division process, we 
write the dividend inside the brackets ) алд (, and the 
divisor outside on the left. The first multiplier x is written 
outside on the right. The product х'--4х, ofex+4 and x, 
is then written under the terms х2--7х. This is th subtracted 

' from the dividend to give the remainder 3x+12. The second 
multiplier +3 is then written outside on the right, and the 
product of x--4 and 4-3, ie, 3x 4-12 is written under 3x+12 
The result of subtraction is then zero, and the quotient 5 

3. 

иж indicate that the products of the divisor by the succes- 
sive terms in the quotient are to be subtracted from the 
dividend, and the successive remainders, we change the signs 
of the terms of the products and write these changed signs 
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under the original signs. When sufficient practice is obtained, 
this step is not necessary. Si oss Á 

Example 12 : Divide the polynomial с. 

y: —2y‘ 4y — y t 2y +6 by у?—у?--2 

Solution : The -division process can also be displayed as 

follows : | 
Уз УЫЗ 
ууу S 2у 67 
) у? Y 273 


3y8—3y?+6 
зуз- Зуз--6 
+ БЭЭ 


0 
Thus the quotient is y?—y +3, i.e., 
(y.—2y*-- Ay! y! -2y -6) - (P —y^ 42) -y' -y--3 
In the preceding two examples, we have been able to carry 
out the division exactly, leaving no remainder. In such cases 
we say that the dividznd is exactly divisible or simply divisi- 
ble by the divisor. This, however, is not always the case. 
Example 13 : Divide 4х?--3х--4 by 2x+1 
Solution: са 4х2--354-4 (2 1 
4х2--2х X15 


Чин 
*ty Яс Wes 
= = га ыша: © 
2 8а 
Саїсина t 


алхаа 
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Я 
there is а remainder 2. This remainder is of degree 0 and we 
cannot carry onthe division any further. We say that the 
аиоцет is 2х+- and the remainder is 4 2 

Example 14: Find the quotient and the remainder when 
Sy°+7y—6 is divided by y?-+y-+1. 
Solution : 
У--у--1ү 5 — +7y—6/5y—5 
) 5у!--5у2--5у ( 


—5y?+2y—6 23 
+ + + ы 


Thus the quotient is 5у—5 and the remainder is 7у—1. 

Note : 1. The degree of. the remainder. is always leks than 
the degree of the divisor. 

2. Both the dividend and the divisor are to be arranged in 
descending powers of x. In general, we think of division only 
when the degree of the dividend is greater than ог equal to 
that of the divisor: ^ 
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1, Divide the polynomial x*—x— 42 by x —7 
2. Is the polynomial 4y*—13y— 12 divisible by the poly- 
Ч nomial 4y—3 ? 


ж 
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3. Carry out the indicated divisions : 
0) (уч-1)-4у:1) 
(ii) (1) 0°—У-1) 

4. Divide 15х4—16х3--8х—17 Бу 3х24-х4-1 and give 
the quotient and remainder. 

5. Divide the polynomial 2х4 8х3--7х?--4х+3 by 
xM4x43 | 


3.5 Rational Expressions 

We have already come across examples of algebraic 
expressions of the type n y In contrast to a. polynomial, 
the expression xL is the polynomial х--1 divided by 
the polynomial 2x—3. Algebraic expressions of this type, 
which are quotients of two polynomials, are called rational 
expressions. These are constructed from polynomials in the 
same way as rational numbers are constructed from integers. 
Let us have some more examples of rational expressions. 
The algebraic expressions 


2х—1 х2-х-1 2у-3У”-1 
ЗЕ (36-17 4-у-у 
are all rational expressions. The first two are rational expre- 
ssions in the variable x, while the last is a rational expression 
in the variable y. 
Note: Polynomials are particular cases of rational 
expressions just as integers are particular cases of rational 


numbers. 
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Which of the following algebraic expressions are 
polynomials and which are rational шог but 
© pot polyrtomials. 


Or e а 
1 
(iii) POEM й 
x?— /5 х--1 
2 220 14х2--1 
(iv) 22 ЛЕ TIS (у) ayn а 


2. ws a m expression in x whose numerato 
a polynomial of degree 4 and the denominator isa 
polynomial of degree 3. Я 


3. Find the difference of the numerator and denomina- 
tor of the rational mye 


3x?+4x8—2x+ T 
5к--2-32--1488-1 


Construct a rational expression whose 
5 times its denominator and each is a 
degree 3. 


4 


numerator js 
Polynomial of 


3.6 Addition of Rational Кыйын Á 
' Let us now study addition of rational expressions, Do 


you recall how the rational numbers аге added? уг З. - ind 
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€ are two rational numbers, then 


di a 
а, с _ad+be 
b d od 
The addition of ra 
similar way. 
Let us add 
: х—1 2x+1 
ran Md) 
If we follow the rule for rational numbers, then we get 
LS О Gx 2у G2) (9X: 1) 
FUE ie ene И (х-Е2) x (3x—2) 
_ 3x 29x —3x-4-24+2x?+x+4x+2 
3xi—2x--ex--4 
65х24 
7 3х2--4х-4 
ap for rs of Rational Expressions : 


үХ B and = are two rational expressions in a variable х 


MEME Т Е C, D are polynomials in x and В=+0, р = 0 
AxD--BxC 
— — хш ——— 
then +5 Вхр 


Let us consider some examples. 
Example 15: Add the rational expressions 
3x—1 2х--1 


5х+1 ang 1—2x, 


Solution : 
і 5х—1 ut 2x+1 
5х+1 1— 2х 

_ 6х1) x (1—2х) + (5x--1) х (2х--1) 


(5x-+1) x (1—2x) 


tional expressions is also defined.in a’ 
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2 К 10х2--1--2х--10х2--5х--2х-11 


D 5x —10x?3-1—2x | 
id 14x | 
—]Ox*-E3x FT | 


Example 16 : Simplify : 
2y--y)—-1 , 2y—3y? 3 
Ex UB 
РУ n 27358 
1-7 1--у 
4) (булна x —- + (L—y) х (2y—3y2) 
(1—у) х (1+y) 
2у-Е2у°-Еу?-Еу5—1—у--2у—3у°—2уз- | зуз 


31 I Ey = yy 


4y3—2y?--3y—1 
1. Add the foliowing pairs of rational expressions : 


Solution : 


1--у? 


EXERCISE 3.9 


na x+} 3-4 
G) enr хаў 
su 2Х--Х2--1: Х-ХІ 
(ii) ROS Е 
suo MA х-ы 1-54/3 х 
Еэ У” 014572) х 
2. Simplify : 


y—2y?+1 + 3--у 
yt2y+l 3—у 
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3. Simplify 
5 Иа 1 
(i) (2х#-Е1) + = 


0 а-у) + т^. 


37 Subtraction of Rational Expressions 


Do you recall the rule for subtraction of. rational 


a с : 
numbers ? If 5 and T are rational numbers, to subtract 


4 from Б is the same as adding the negative (or additive 
inverse) of 3 to > Thus 


a cm ач (шо) 


Now what should we mean by the additive inverse of a ratio- 
nal expression ? Clearly, it should be the rational expression 
which when added to the given expression gives 0. For 


example, let us be given the rational expression XU. 


then, which is the rational expression which when added to 
ztl 
x— 


gives 02 Observe that 


x+1 х-1 ү хі —x—1 

ХЭЭГ ШШ cul Р ХЭ ТУЕП 

_ (x+1)x(x—1)+(x—1)x(—x—1) 
(х—1)х(х—1) : 
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x2—-x +x—1—x?—x+x+] 
(x—I) x(x—I) 
Я o . 
ПХП 
=0 


СЕЕ, е lb. In other 
х-1 xe] 

words, it is the rational expression in. which the numerator 

х1 and the denomi- 


` Thus the additive inverse o 


is the negative of the numerator of 


-— 
—1 


nator is the вате аз that of . In general, 


If T isa rational expression in a variable x, then the 


additive inverse of 5 is the rational expression E. | 


We now define subtraction of one rational expression from 
another by the rule : 


If = and £ are rational expressions in a variabe x, then 
Дун CIAC 
CD EB D 
_ AXD+Bx(—C)_ AxD—B»C 
BxD BxD 


Example 17 : Subtract the rational expression 


AT from 2! 
x—1 х--І 
x—1 x+! 


Solution: - XE ©? See 


| 
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67 
= х | E = 
х- | х— 1 
= el ==! 
ХЭВИЙН xe 5 
Їйл : GY XS DUE 
| Babe Seri Sevan! нана М 
» x'—x-4-x—1 
_ —4x 
mE 


Example 18 : Simplify : 
4у—у?--1 _ 2у--у”-1 
1—7 2--у 


Solution : солон ЕЕ Oye yes М 


И 2+y : 

с (у-ул !)х(2--у)-01--у)х(2у--У-1) ! 
(1—y) х(2--у) 

_ 8ву--4у#—2у°—у%-Е2-+у— Qy-Eys —1 —2y*—y3+-y) 


| 2--y —2y —y* 

| ув кау ду суы ye русу шш зу шне gu 

2-by—2y—y. 
НОУ 
PECES 
» EXERCISE 3.10 
2x+3 
1. Subtract the rational expression T€ xil from 


`1—2х 
151:2:28 


the rational expression 


MATHEMATICS 


3. Simplify : 


8x—1  242х 
Е 


3.8 Multiplication of Rational Expressions 
How do we multiply two rational numbers? If + апа 


> are two rational numbers, recall that we define th 


axc 


duct as bxd' and write 

Ae. axe 

b d. bxd 
We define the product of two rational expressions £ and 
С 


ту ina variable x in a similar way. Thus, 


D 


B*D вур 


х--1 _2х—1 
ын and ХОСТ, 
à 2 
—l _ (х-Е1)х(2х—1 
Solution: 2+! х зн хі) 


= 
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тэтгэн аа! 
a le ra 
x 7х x+ 5 


_ 2х°--х—1 


DEN. ; 
X 3t y 


y+4 
yy 


2 
Example 20: Multiply У E by 


Solution : 

Bes a сг уяач 
y=3 yy 

__(у#°—у-+2)х(у+4)  - ге 
(y-3)x G^ry—1) , 

2 гу рау уг ду 23 

yy суг Зу зутЗ 

2 "уг Зугг2ул8 
у гуў 


EXERCISE 3.11 


Multiply the following rational expressions : 


= 
. 


68) gy and туг 


(іу) 8x+7x?+6 and — 
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2. Simplify : 
сай 7—4x* 
(54-5)-- урат 
3. simpufy : 
у—5 


(8y—y*--6) — (y? --6 —Ty) x 


бу--5 


3.9 Reciprocal of 2 Rational Expression - 
We have learnt in the last section how to multiply two 
rational expressions in a variable х. : 
9 What is ХОЧ X ELI ? 
According to our rule for multiplication, the. product is 
‚ (x—1) x 2x 4-1) ^9 : 
(2х--1) х(х::1) 
Even without multiplying out the numerator and denomi- 
nator we can see that they are both equal (Why 2). Do you 
remember what is 3 or Т or3 ? These are all equal to 1. 
This is also true of rational expressions. If the numerator and 
the denominator of a rational expression are both equal to 
the same polynomial, then we consider that rational expre- 
ssion is equal to 1. Thus : 


x—l 2x-+1. 
Only, ЖИ 


In rational numbers, you would recall that we call = the І 


4 


ESPERA Ч 


reciprocal of -2-. Here also we say that 


b 
шк. is the reciprocal of AI; Ч 


eee 
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Similarly, 
хан is the reciprocal of xA 
Sy2—2y-+7 ; а \ 3y?+4y+9 
3y 4y 9 is the reciprocal of Sy yd 
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1. Write down the reciprocals of the following rational 
expressions : 
A 0.5x4-0:7 гү 8х24-7Х- 0.1 
Ф AO 01) -7,8--2х-10.3 
sno 20у--8у2--5 
ON 
; (ііі) Зу--08 


2. Find the sum of the rational expression EID 
X 
and its reciprocal. 


3. Write a rational expression in x whose reciproca! has 
its numerator of degree 2 and denominator of 


degree 3. 
4. What is the reciprocal of : 
: (i) 2x4-3 (ii) шан 


3.10 Division of Rational Expressions 
Recall that if we want to divide a rational number i 
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by а tional number 3 , then we multiply 3 and the 


b 
T d 
BC I COUCHE D A 
reciproca hoti 5/254 ТУБ б 
We < vide one rational expression by another in exactly the 
same way. 
, A (CIMA ; ALME ; 
I В апа pa two rational expressions in a variable, 


say . then 


ATA COAR ОР! ЖАБЫР 


BD B C BC 


Example 21 : Divide the rational expression 


х2--х--1 x?—] 
А emu, 


Solution : 


х2-х-1 . x—1 


х-1 X2 
EX хэ Kad 
х-(1 х2—1 


кахаў 
с Х"--хХ2-рх--2х2--2х--2 
X—x'—x41 


XE 3x?--3x 4-2 
Xi—x?—x-L] 


— (ХБх--1)х(х--2) 
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EXERCISE 3.13 


. Divide the rational expression 
жы py Xl 
х—1 х--1 
. Simplify : 
3y+5 . У! 
5-2у ` у—1 
. Simplify : 
раі ,х-1|.Х-4 
(i) { х-1 Anl TUER 
i) [бух] 
А) ШУ 
x Scy] 
. Let Баг аў and Q= + 
Find (i) P+Q (ii) P—Q (iii) PxQ (iv) Р-О 


Ач 
Key Concepts 


Polynomials with real Rztional expressions 

coefficients 

Addition and subtraction Addition and subtrac- 

of polynomials tion of rational expres- 
sions 

Multiplication of poly- Multiplication and divi- 

nomials sion of rational expres- 

Я sions 

Division of polynomials Reciprocal оба rational 

expression 


їп this anit we will learn the cube of a binomial and the sum and differ- 


ence of the cubes of two numbers. 


4.1 Cube of a Binomial 


4.1.1. Recall : We have learnt in earlier classes how to 
the square of a binomial. Recall that, for the binomial x+y, 


(х--уЛ--х"--2ху--у? 


In other words, to obtain the square of a binomial х--у, we 
з 


E Special Products and Factors - 


, 


add the square of x, twice the product of x апа у, and the 


square of y. We give a review exercise. 


EXERCISE 41 


Calculate the squares of the following : | 


1. х--1 2. 2х--3 

4. х 5. 99 

7. 2х--1 8. 1—3x 
e KEIN ST 

10. 4/5 +x iL x4 48 


3. y—1 
6. 2х--32 
9. 22—5 
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Find the products as indicated : 
12. (VZ x43) (55-13 ) 
13. 4/2 d (d?--4d) 


^ м (02+ ox Y Ух ) 


. 4.1.2 Cube of a Sum of two Monomials : Just as we use 
the phrase ‘square of an expression’ to mean the expression - 
multiplied with itself, we call an expression multiplied with 
itself twice, the cube of the expression. . 

For example, the cube of 2, written 2°, is 

ООО 86 i 

Cube оЁх=х°?=ххххх 

" Cube of х--1-4(х--1) =&+1) х(х4-1) х(х--1) 

i Let us calculate the cube of a binomial x+y in 
general. 
Now we already know that. 
(ху) = (ху) х (ху) =х?--2ху+-у? 


Thus, 
(х-Еу)* =(х+-у) Х(х--У). 
-(х--уух (х24-2ху-1-у?) 
-ах5--2х2у-ьху!--ух"--2ху"-ну? 
-ах3--3х2у--3ху!--уд c Т 
This gives us the formula (F) for finding the cube of a 
binomial : 
FL (py) =x’ --Эхду--3ху“--у? 
The cube of a binomial is equal to the cube of 


In words : 
plus three times the square of the first term 


the first term, 
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multiplied by the second, plus three times the first term multi- 
plied by the square of the second, plus the cube of the second. 


Example 1: Expand (х--1)°. 

Solution : (x 4-1)? —x? --3x? x 1--3x x 124-13 
—x-r3x?-E3x--1 

Example 2: Expand (2х- Зу)”. 

Solution : (2x 4-3y)? = (2x)? +3(2x)"By) +3(2x)(3y)?-+ (By)? 
—8x? +3 x 4x" x Зу4 З x2x x 9y?-L-27y* 
=8х° --36x*y + з4хуг--27уз 

Example 3 : Calculate (101) 

Solution : (101)? — (1004-1)? 

—100* +3 x 100*x 1+3 x 100x 1?-- 1 @ 
= 1000000 -1- 30000 2- 300-- 1 
= 1030301 


EXERCISE 42 


Calculate the cubes of the following expressions - 


1. atb 2. а--20 
3, x+2 4. х--2у 
1 К 
5. 6x+7y Е є 
7. 3x-+1 T 
Find the value of : 
8. 1023 ` 9, 2058 


10. 10015 11. (105); 
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4.1.3 Cube of a Difference of two Monomials : We have 
calculated above the cube of the sum of two monomials. 
What about the cube of the difference of two monomials ? 

We already know that 
(x—y)?=(K—y) х(х—у) =x? —2xy +y? 
We can, therefore, calculate easily the cube of x—y. 
(х—у)° =(x—y) x (x—y)? 
—(x—y) x G9—2xy-4- y?) 
—Xx3—2x!y-Exy? —yx?--2xy? —y? 
=x? —3x!y -3xy?—y? 
This gives us the following formula for finding the cube of 
a difference of two monomials : 
FIL (x—y)? =x? —3x?y J-3xy?—y* 
It may be observed that in the expansion of (х —у)°, the 


terms on the right are the same as inthe expansion of 
(х-ру)з, but the signs of the terms аге alternately positive 


and negative. 
Example 4: Find (2a—3b)? 


ion : (2a—3b)? 
Solution + (8 3x Qa) x 3b-+3(2a)(3b)*—(3b)* 
Заз —3 x 4a? x 3b-I-3 x 2a x 9b! —27b* 


— 823 —36a?b--54ab?—27b* 


Example 5 : Calculate 993 


‘on : 99° —(100—1)* 
каш ВХ 12-3 x 100x 12--13 
— 1000000 —30000 --300—1 
— 1000300—30001 


=970299 
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EXERCISE 43 


БЭ Calculate the cubes of the following expressions : 


1. аЬ 2. 2a—5b ЗЕ СОС] 
IPS 

4 154108 5. 2х—37 

Find the value of : : 

6.. (97)? 7. (999)? 8. (9.9) 


4. 2 Some Special Products 
`. Sometimes the product of two polynomials turns ow 
be of a rather simple type. We have come across one. 
beautiful product in class УП, viz, 
(х--у)х(х—у)=х*—у°*. | 
This product is often useful when we are working witl г 
braic expressions. ё п alge- 
Let us consider the following product 
(х-ну)х 02--ху--У? 
When we multiply it out, we get 
(x+y) x (x°—xy-+y*) 
=x? —хзу --ху?--ух?—ху?-руз 
ку 
Thus, we have 
ЕШ. (кух ху FY?) =х у" 


Note that the right hand side is a sum of two cub 
Example 6: Find (х--1) (х®—х--1). 1068. 


Solution : If we take y=1 in F ш, A 


(х--1) (32--х--1)гах3 £t at once, 


F384] 


гж хэн 
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Example 7 : Find (2a+3b) (4a?—6ab+9b*) 
Solution : Note that the second factor 
4a?— 6ab 4-9b* 
= (2а) — (2a) (3b) - (3b)- 
Comparing, the product 
(2a--3b) { (2a)’—(2a) (35)4-(35)) 
with the left hand side in F Ш, we see that we can apply 
ЕШ with x=2a, y=3b. We, therefore, have am 
(2a+3b) (4a?—6ab -9b?) 
=(2a)?-++(3b)* 
=8а?°--27Ь% 


ЕХЕКС15Е 44 


Find the following products : 
1. (a+2) (a?—2a +4) 
2. (1—a+a°) (1+a) h р 
3. (0.7x--0-9y) (0.49x2—0.63xy+0.81y*) 
4. (2x+7) {(2х)#—7х 2х--49) 


"e HE) 


If we replace у by —У in F III, we get 


FIV. (х-у) y+) 3 —Y 
We can also verify this by direct multiplication. 


ху) (х2--ху--У?) 
ma 34 xty--xy! -YX ху" —Y 


_х3—у° 


i MATHEMATICS 

iple 8 : Find (x —1) (хх 1). 

lutio : Using Е IV taking y=1, we have 
(8-1) бек = 

Он гас 
Example 9: Find (2a—5b) (4a?+ 10ab 4-25b?). 
Solution : The second factor 


4a?+ 10ab--250*— QaJ-- Qa) (5b)-+(5b)? 
keeping this in mind and then comparing the product 


Ф 
(2a—5b) (4а2-- 10ab-+ 25b?) E 
with the left hand side of FIV, we see that the formula is 


applicable with x —2a, y—5b. 1 
Applying Р ТУ we have 
(2a—5b) (4a*-- 10ab 4-25b?)— ay  — (5b)? 
—823— 125b? 
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Find the following products : 
(ах) (1-Ех-Ех°) 

. (25х2--15ху--9у2) (5x—3y) 
. Qa—1) (1+2a+4a?) 

. (1—2а) (4а2--1--2а) 


darem) (к=) 


n= 


л Bw 


4.3 Review of Factoring Techniques Covered in Class vii 
The operation of expressing a polynomial as a vu 
two (or more) polynomials of smaller degrees jg. E 
e 


№ 1 
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factorization. We have learnt four factoring methods for 
quadratic expressions with rational coefficients in Class VII. 
The methods continue to be valid when the coefficients are 
real numbers. Let us recall these methods. 
I. Zf all terms of a polynomial have a common factor, we can 
express the polynomial as a product of two ео; опе 
` of which is the common factor. 
Éxample 10: 15х2--3х is a polynomial in which each term 
is a multiple of 3X. We can write 
(15x2--3x) 23x x (5x 4-1) 
П. x*—y?=(x+y) (х—у) 
That is, гле difference of the squares of two variables is the 
product of the sum and difference of these two variables. 
Example 11: 49x?—25y? — (7х)2—(5у)? 
=(7x+5y) (7х—5у) 
Ш. x*--2xy 4-y?— (х+у) 
Example 12 : 4x?--20xy 4-25y? 2 Qx)?-4-2(2x)(5y) J-(5y 
=(2x+5y)* 
IV. х?- 2ху-гу”- (х- у) 
Example 13 : x: —24/3 xy--3y? 
-(к)-2(5М3 y) (V3 уу 
=(x—V/3 у)? 


EXERCISE 46 
Factorize : 
1. 42 х--2х" 2. 7у--21у°—49уз 
3, х?—2 4. 7у?--325 


! 


MATHEMATICS, 


vw? 


5. y42x2y44 000 6.000 + 0.2xy-+y* 


$ 7. X5 4/3 x+3 8. 26—2y2 ху--у? 
| г. =”. 


4.4 Factorization of a Second Degree Trinomial 


t й A. second degree trinomial in a variable x is а polynomial 
of the form | 
ax?--bx--c 
where a, b, c are (known) real numbers. This is also called 
| а quadratic expression. To give a method of factorizing 


| such polynomials in some simple cases, let us consider the 
` product : 


(х--а) (x--b) 
| j On carrying out the multiplication, we get 
17) (x+a)(x+b)=x*+(a+b)xtab 27 
+ Thus a polynomial of the form "6, 
x?+(a+b)x-+ab 
can be factorized as 
(х-ра) (x+b) 
Е У. x?+(a+b)x+ab=(x+a) (x+b) 
Note that if x?+-Ax-+B is an arbitrary quadratic expression, 
where the coefficient of x? is 1, then it is of the form 


x? (a+b)x+ab, only if we can find two real numbers а and > 
b, whose sum a+b is А and whose product ab is В. є 


Example 14: Factorize x*+7x+12. 


Solution : If we can think of two numbers whose sum is 
7 and product is 12, then FV can be used. Now 12 can be 


factored as 1 х 12,2 х 6, 3x 4. Of these the factors 3 and 4 are 
such that their sum is 7. Thus we can write 


х2--7х--12--х2--(4--3)х--4х 3 
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- and so 
* x*--7x--12— (x4-4) (х--3) 
Example 15: Factorize x?4-2x — 8. 
f Solution: We have to think of two numbers whose 


product is —8 and sum is 2. The factors of —8 are 
(—1) x8, (—2) x4, 1x (—8), and 2x (— 4). 
Evidently, the sum of factors—2 and 4 is +2. So, 
x?--2x —8 — x?--(4—2) x -- 4x (—2) 
=x?+4x—2x—2x4 
— x(x4:4)—2(x--4) 
=(x+4)(x—2) 
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Factorize : 
D 1. х?-Е2х-+1 2. х'—10х-+-25 
| 3. х2--6х--5 4. уг--2у- 3 à 
E. г $00 1 Е 
) 5. zi—5z4-6 6. У Лә У 
" 7. x?-+x—20 8. x*4-3ax--2a* 
А 9, x?+2kx—3k? 10. x?—px—6p? 


ст 
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5 Factorization of the Sum and Difference of two Cubes 
We have learnt in Section 4.2 that 

ў) (х2--ху--у?)--х?-4-у? 1 
E а words, if we want бо factorize the sum of two cubes 
хз--уз, then we can say that x+y and х? —ху--у? are factors 
of х5-руЗ. Thus 


Е VI. x°+y®=(x+y) (х2—ху--у?) 
Suppose we want to factorize the polynomial х? 4-1, 
We note that x°+1—x°+1° We can, therefore, use Е VI 4 
апа get the factorization, 
х2--1-41х--1) (2-х--1) 
Can you factorize the polynomial х2--х--17 Do try. : 
Note : Given any quadratic expression х2--Ах--В, itis not ` 
always possible to find two real numbers whose sum is A and 
productis B. Thus we cannot apply FV always. = 
Example 16 : Factorize 8a° 4-27 b? 1 L3 
Solution : We note that 82? --27b* à Y 
| =(2a)?+(3b)? = 


i.e., the given expression is a sum of two cubes. We use БҮГ 
апа реї 


8a°-+27b° =(2а-_-3Ь){(2а)#— (2а) (35)4-(3Ы)) 
=(2a+3b) (4a°—6ab+ 9b?) 
Example 17 : Factorize 24/2 x3 +125 
Solution : We note that . 
2/2 x4 125—- (/2 х) (5) 
Ог, 242 8125—0027 х4-5) (V3 xy (Tx) HO 


=(V2 x+5) Qx3— 54/2 x+25) 
In Section 4.2 we also learnt that 


| (x—y) (х?-Еху-Еу?)=х%—у5 
Therefore, whenever an expression is a difference of two 


— HQ 
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cubes.such as x?—y?, then we can factorize it as («-у). 
(xy -y?)- 
Е VII x5—y3— (x—y) (х--ху--у?) 
—~ Example 18 : Factorize 1—а?. 
Solution. : 1—a°=1°—a? which is a difference of two 
cubes.. Using F VII we have 
1—a’ —13—2? 
5 (1—a) (1+a+a?) 
Ехапріе 19 : Factorize 125x?—8y?. 
Solution.: We.note that 
12533 —8y? — (5x) — (2y? is a difference of two cubes. 
We can therefore apply F УН and get 
125x3 —8y? — (5xy!— (2y)? 
= (5x—2y) { (5х)24-(5х) (2у)--(2у) 
--(5х--2у)(25х2-4-10ху--4у?) 


24.6 Identities and Conditional Ydentities 
Let us consider the formula 
(x+y)? =x?-+ 2xy-++y? (1) 
Let us give any values to x and y, say х=1, у--1, then 
L.H.S. of (1) =(1-Е1)%=4, 
R.H.S. of (1)=1?+2 x1 x1+1?=4 
and are thus equal. Let us try some other pairs of values 
for x and y, say Х--1, y=2; x=2, y=1; x=3, y——5, and so 
on. In each case we find-that the values of the L.H.S. and 
R.H.S. are the same. You тау try any other pairs of values. 
We thus find that (1) is satisfied for all values of x and y. 
We call such an equation an identity. Thus 
An identity is an equation in any number of unknowns 
which is true for all values of the unknowns. 
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t with several examples of identities in two 
ин "АП the equations in Formula Е I. to F IV are 
ох us consider the product 

(x+Y+z) (Х24-у +z —у2—-7х—ху) 
-ах3-рху?--х7--хут-х27--х2у 
Бух? +y’ yz? —y'z —yzx—xy* 8 
4-2х2--2у”--2--уг2--2Х--2Ху 
=x? y?4+z}—3xyz ; 
as all the other terms in the product cancel out. 
Thus, : 
(X--y--2) GC -y?--ZÉ —yz —zx—xy) 
=x +y +z —3xyz (2) 
Since we have obtained equation (2) without assuming 
any particular values for x, y, Z, it is true whatever values 
we may give to x, y, z. Thus (2) is also an identity. 
Next, let us assume that x, y, z have such valu 
x+y+z=0. For example, x=1, y=2, z=—3. The 
factor x+y+z on the L.H.S of (2) is zero, i.e., the L.H.S о 
(2) is zero. Therefore the R.H.S. of (2) must also be zero, 
We therefore conclude that : 
If x+y+z=0 then 
x?--y?-22—3xyz —0, (3) 
or, X--y'-FZ —3xyz (3 
We note that equation (3) or (37) is not true for all уа 
of x, у, г. For example, if we take x=1, y—1, z--2 in | 
the L.H.S.—1--1--8—10, while the R.H.S.23x1x1x2-—6. 
"Thus equation (37) is not satisfied for x—1, y=1, z=2. 
Equation (3) or (37) is true for such values of x, y, z which 
satisfy the equation х--у--2=0 or, in other words, which 


satisfy the condition x--y--z—0. For this reason, (3) or (3°) 
is called a conditional identity. 


—— 
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Similarly, if we take 

x?--y?--ZzÉ-yz—zx—xy —0 
in (2), then the L.H.S. of (2) is again 0 and so the R.H.S. 
isalso zero. We then get a second conditional identity. 


Jf x+y +z —yz—zx—xy=0, 


then х2--у --72--3ху27 г (4) 
An example of such a set of values of the unknowns is 
xls у=1,2=1 
Another example, a rather easy one, of a conditional 
identity is 
‘If x--y —0 then x?—y? —0* (5) 
‚ Can you show that we also have, 1 
‘If x—y=0, then x —y?—0? ц. (6) =. 
We say that : 


A conditional identity is an equation in two or more 
unknowns which holds only when the unknowns are subject 
to some condition. 


We now solve an example on the use of tlie conditional 
identity (3). | 
` Example 20: Prove that, for all real numbers a, b, с, 
(b—c)? + (с—а) + (a—b)?=3(b—c) (c—a) (8-5): 
Solution : Let us write b—c=x; с--а--у, a—b=z, then 
x+y+z=b—c+c—a+a—b=0. 
Now by equation (37) above, 
(b—c)*--(c—a)*-- (a—b)* 
--Х3--у--23, where x+y+z=0 
=3xyz 
=3(b—c) (c—a) (a—b) 
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Monin NE EXERCISE 48 
Factorize : 
1. a—1 2. аа“ 3. 8x5--343y* 
l аз выз 5. „1 хз 2./5уз 6, 0001х3- 0.125 
4. —g a+ 88 578% уз у? 


“Л. Prove that a°(b—c)°+b*(c—a)?+c5(a—b)? 
=3abc(a—b) (b—c) (c—a) 


| | 


Key Concepts 
Cube of a binomial Factoring a second 
1 degree trinomial 
Cube of the sum and Identity 


difference of two numbers 


Sum and difference of Conditional identity 
cubes of two numbers 
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Miscellaneous Exercise I 
(On Units I, Н, III and IV) 


. Find a rational number between 1 and /2. — — 
. Find an irrational number between 4/5 and 4/13 
. Represent the following real numbers on the 


number line : 
(i) —V2 (i) —VT0 
(iii) 44/5 (iv) 4/10—2 К 


4. Find (4/2) upto 4 places of decimals. 

5. Give two irrational numbers whose product is. 
rational. 

6. Give two irrational numbers whose product is 


10. 


irrational. 
Is zero a rational.or an irrational number ? 


. Give two irrational numbers whose sum is a rational 


number. 


. Find the value of each of the following up to three 


places of decimals. 
(i) (459 (й) (1259 
(ig (81) * (iv) 2--(625* 


Express each of the following as a product or a 
quotient of powers in which both a and b (assumed 
to be positive) appear only once and all exponents 
are positive. 

Ба аы ру И Das? 

G) бар (ii) ( з 


& 
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11. 


13. 


14. 


15. 
16. 


17. 


18. 
19. 


20. 


21. 


Which of the following are true ? 

а) 2427 (ii) 34x 32—38 

iii) ашар (iv) (а-2ха-4)2--д-12 
etermine the value of a in each of the following : 


(1) (/5)*x (45) (4/5) 


(i) (Ма (V2 - (2-2 E. 

(iii) (G3 —1) (x? 41) -хэн 1 | 

* (iv) EIN ; | 
Маз з 


Evaluate each of the followin 
in the exponential.notation : 
б) [vov]? (а) 52, (5% 5%, 
If 25x (У5)“х(4/5)8--54/5, find a. 

If {36 x (1/6) }= (4/6)? — (/6)?-* find a. 
Using the rules learnt so far, simplify the following : 
(1) 5--1/36 (ii) 2—4/48 


g and express the гези 


Simplify the following, assuming that a, b Iepresent 
positive numbers : 

гү Vabi a : 

0) ра: (1) (разв — V3a-?b-r р 


Simplify the following : 
(УЗ x?-+-10x+74/3) + (3/3 x?+-4x—2,/3) 
(VT x*--5x—3V/3) + (24/7 P+ — 21/3) (34/7 уз 


+x) 
Carry out the indicated Operations : 


Qx--4/3) х(зк- хе) 


(1—V2 x) x (2+2 V2 x—1) 4x24 7 х--2 


ел т с ы 


31. 


32. 
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. (х--ү2) x V7 x x (1-х) 
„ (х3--3х2—5) + (х--2) 


(3x5—2x*--x*—2) + (х2--х--1) 
Simplify the following : 


1 1 1 1 1 
—_+— 20:12-5 АЖ. ich 
аа ЖОК ЕП И ХЭ 
х х х IONS 1 
ab ' Бе T ac 2 4/5--7х 1/5--1х. 


. Carry out the indicated operation : 


3x2+5x — x8+3x°—1 


x3—3x 3x8—9x й 


2 1 
If R = x4 VEE $ = Jx— NL find 
(i) R--28 (ii) R—2S. 
The area of a rectangular field is (x?—7x+ 12) 
square metres. ЇГ one of its sides 18 (x--3) metres, 


find the other side. 
Find the sum of the reciprocals of x, 1—x and 


24-х. 
Find the following products : 
(3x-+5y) (9x21 5xy+25y’) 


‚ (Ах) (24-42 xy +y’) 


Factorize each of the following : 
14-82? 36. 125p —1 


| 64-2162 38. 27°+@ 
“азе 


‚ Simplify “(3029 4-(302) (300) + (300) 


(302--(300). 


. Prove that 
(х--2у) (2у—32)° + (3z—x)? = 3 (x—2y) (2y— 32) 
(3z—x) 


UNIT У 


Ж 
Linear Equations and Inequations 


In this unit we will study the graphs of linear equations and inequations, Е 
We will also learn about simultaneous linear equations in two variables and 
their solation by graphing and by the method of elimination, 


5.1 The Number Plane or the Cartesian Plane 


We have learnt in Class VI Lhowto locate the position 
of а point in a plane with reference to coordinate axes 
chosen at our will. It may be recalled that both the coordi- 
nates of a pointin the first quadrant are positive; in the 
second quadrant x is negative, y is positive; in the third 
quadrant both are negative and in the fourth quadrant X is 
positive, y is negative (See Fig. 5.1). It may also be recalled 
that the two coordinates have to be Written in a particular 
order, viz., abscissa first and the Ordinate second.. Thus 
(3, 4) and (4, 3) are the coordinates of two different 
points. 

We have already learnt that real numbers can be represent. 
ed by points on a straight line and for this reason the 
straight line on which the real numbers have been repre- 
sented is known as the number line. Similarly, by introducing 
the idea of coordinates to locate points in a plane, we have 


я 


represented ordered pairs of real numbers by points in the 
plane. Бог reason, the plane on which a coordinate 


| 
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п і 


x negative 4 х positive 
зу "Positive у positive 


х negative -3 x positive 
y negative y negative 


Fig. 5.1 
system has been introduced is called a number plane. Since 
the coordinates generally used are Cartesian, the number 
plane is also called the Cartesian plane. 
Example 1: Plot the following points : 
(1, 2), (—2, 3), = —5), (6, —4), (0, 4, 
(2, 9), (0, 0), (—2, 79). 
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Solution : Let A, B, C, D, E, F, G, H respectively be the 


E(0.4) 
B (2,3) 


2 A(1,2) 


G(0,0) Е (2,0) 
У 053 


Fig. 5.[2 


given points. The positions of these points à i 
Fig. 52 он 
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EXERCISE 5.1 
1. Find the coordinates of the points A, В, C, D, E, F, 


G in the following figure : 
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2. Do the ordered pairs (2, 1) and (1, 2) determine the 
same point of the number plane ? 

3. Do:the ordered pairs (—1, 1) and (1, —1) determine 
the same point of the number plane ? 

4. Using coordinate axes of your own choice, locate 
the points determined by the following ordered pairs 


of numbers : ын | 
(i) (2, 3) (i) (—2, —3) — (iii) (2, 3) Зи, 
бу) (,—2) (у) (5,4) (vi) (4, 5) 
(vii) (4, —5) (уйі) (—4, 5) (ix) (—4, 
(x) (4, 0) (xi) (0, —4) ( 
5. Give the locations of 5 points of the plane that hay 


abscissa 2. 


5.2 Graphical Representation of Data 
We give two examples of graphical Tepresentation of data 
in daily life problems. 


Example 2 : If train fare per passenger from о 
3 another is Rs 10/-, the train fare for two 


Ne station to 


Я Passengers sh 
Rs 20/-, for three passengers it will be Rs 30/- an all be 


d so [s] 

'Thisánformation can be conveniently Tepresented in the o 
of a table as below : : m 
Number of 
passengers 1 2 3 4 5 6 

—- 7 
DN DEUS Colney yu a 
rupees , 10 20 30 40 50 60 


NN Ot EE S 70. — 
We can also represent this informati 


B 4 EE ME 
р : ЕД on рїсїогїа} , 
using a Cartesian coordinate system. 22003 
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: (052501) 
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! Fig. 5.4 


ictorial representation may [Бе called [the ee: of С 
train’ pun agüifist the побег of passengers. _ 
ra The population of a town in 1955 was. 20 
і usa d, in 1960 it was 30 thousand, in 1965 it was 40 
XU НН #711970 AAG 19750408: was /Sürthousand гала 
Өр resp res pectively. We can represent this information А 
їп Ше 


з follówikig Ёа 861877 vis ЛО E эн} хий! уг 


31 пові fqo 


Тараш» ЗИ ра a a 098 
оные хай Sri? bns eiri Al тта эпо ni ЯС as Я 
30; 0 50 60 


in thousands 20 _ 40 ECT 
ence Зі: j ubt to 


- 
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We. again represent this information pictorially using a 
Cartesian coordinate :/ ею. 6 
- If we represent the year along or parallel to the X-axis 
and the population in thousands along or parallel to the y- 
axis, the above information is then represented in Fig. 5.5. 


Y 


(1975,60) 


(1970.50) 


(196540) 


(1955,20) 


1955 1960 1965 1970 1975 х 
Fig. 5.5 


This may be called the graph of the growth of population of 
the town. 
—. We observe that the graph of any information is a pictor- 
- jal representation of the information. 
{n our earlier classes, we have studied linear equations 
and inequations in one variable. In this and the next section, 
we shall study their graphs. : 
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5.3 Graphs of Linear Equations in One Variable 


We learn, about graphs of linear-equations. in one variable 
by some examples. 

Example 4: Graph of x=2 

Let us take some points in the Cartesian. plane whose ab- 
scissa are all equal to 2, i. е., points.for which the x-coordi- 


Fig. 5.6 


Юю гиоітлорзи Ў МА Зов ялзига 


nate is сай 9627 еде бод Cryo? £62) 
3)and (2, —3). Let us plot all these points. (See Fig. 7, 6) 
ын шанг агавы 2222) ARCANE і 18 


сгпвхэ ambe vd 


g= 10 dgsid :Ё siquaxd 


-ds szodw ensi пигэїлвЭ odi п anion эшоё эль} гу taI 
"ibiooo- -x эл} djidw 101 einiog «3 4 © of Ївирэ Ив 918 822102 


-2 c» | 


Fig] 5.7 
parallel to OY. Again, if wd take any p iit on this line! die 
abscissa will be 2, i.e. the k-coordinat Will be 2. Thus, 
this line is such that all кеме. abscissa x ‘Satisfy the 
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(2, 5), (3, $). Let us plot all these points. (See Fig. 5.8) 
‘We observe that all these: points lie on a straight line which 
is parallel to OX. Again, if we take any point on this line 
its ordinate will be 5, i.e., бе y coordinate will be з. Thus, 
this line is such that all ‘points whose ordinates y satisfy the 
equation y —5; lie on this line. We call this line the graph 
of the equation у=. 
Can you see that we can write y=; also as 2y—5—0? 
From the above examples, we note that the graph of an 
equation in one unknown x ory is a straight line whose 
abscissa x or ordinates y satisfy the given equation. 


5.4 Linear Equations in Two Variables й 

Recall that an equation іп one variable isa s 
equality which contains one unknown. In the sa 
equation in two variables isa statement of equality. | hich 
contains two unknowns. | 7 

Suppose the yield of rice іп а certain village is 50 quintals 
per hectare. If we denote by x the area ofa rice field in 
hectares and by y the yield in quintals, then 

| у=50х 

We thus obtain an equation in two variables x and у. In thi 


equation, the larger the area x, larger will be the yield у. у 


Consider another example. 


A number y is always 1 less than twice another nu 


у mber 
then the relation between x and y is "i 


: у=2х—1 (1) 
which is again an equation in two variables. 
If we take x=3, y=5, we observe that (1) is a true state- 


ment. We say that x=3, у=5, or that the ordered pai 
is a solution of the equation (1). pair (3, 5) 


Can you find some other solutions of (1)? 
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Again, x=4, y=7 таке (1) a true statement. Thus the 
ordered pair (4,7) is also a solutior. of equation (1). 

We observe that in (1), whatever value we give to x, we 
obtain a corresponding value of y such that the ordered pair 
so obtained is a solution of equation (1). 

Note: The preceding statement is not true for all equa- 
tions. For example if 2x=3, we cannot assign any value to 
x except the value 3. For, no other value of x will make the 
equation true. 


Consider the equation x=—2. We тау write it as 
x+0y=—2. us it can be tegarded as an equation in two 
variables. Similarly, 3y—5 may ' be written as 0х--3у--5, an 
equation in two variables. We observe that 


Every equation in one variable can be regarded as an equa- 
tion in two variables. 


5.4.1 Graphs of Linear Equations in Two Variables 


Example 7: Graph of 2x4:3y—6 


Consider the Cartesian plane XOY. We first need to find 
some ordered pairs which are solutions of the given equation. 
We-would then. plot these ordered pairs as points on the 
plane. By inspection, we observe that (0,2), (3.0), (—3, 4) 
are some of the ordered pairs that satisfy the given equation. 
Plot these points. on the plane. : (See Fig. 5.9). We observe 
that they all lie оп a straight line. We observe further that 
(9, —4), (—6, 6), (6, —2)- are some of the other points that 
lie on this line. c can yon that they are also WORD of 
the above equation. 

We call this line the graph of the equation aee 3y= 6. 


Let us consider another example. 
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We obserye that, the.graph.of..a linear equation in оде or 
two variables is always a straight line Also; recall that а 
straight line is located аб soon as We know two points on the 
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line. Thus, in order to obtain the graph of a linear equation, 
it is sufficient to obtain two solutions of the equation. Then, 
the siraight line joining the two points corresponding £o these 
tro solutions is the graph of the equaticu. | 
| | 
EXERCISE 52 | 
Draw the graphs of the following equations : 

-iy gsi VS (і) ays 3х4. 
2. Draw the graph of the equation y=—x. From the 
graph, read the value of x whea 2, and the value 
of y when x=—3. | 
3. Draw the graph of х+у=— 3. From the graph, read 
the value of ў when х=— 8, and the value of x when 

ус | 
4. w the graphs of each of the following : 

(i) 3х4-4у=6; _ (i) y—3x—4 

(11) y=— хві” GY) х--у--3--0 
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5.5 Graphs of Linesr Inequations in One Variable 


Recall thata dinear inequation in one variable is a state- 
ment of inequality which contains one unknown. We now 
learn about graphs of such linear inequations. 


Example 9 : Graph of the inequation x 43. 


. Solution : We first draw the graph -of the equation x—3. 
Thisisa straight line parallel to the y-axis such that the M 
abscissa of every point on this line is 3. This line divides the 
plane into two regions, I and II, say. (See Fig. 5.11) Let us 
consider any point in region I. 'One such convenient point is 
(1, 1). Obviously (1, l)satisfies the inequation x« 3. Si 


mil- 
arly every other point in region Ihas abscissa <3 and, w 
satisfies the inequation x<3. 7 


{ "eon 1 | Region » 22 


ЁС) 


“Fig. 51177 
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Next we consider any point in region II. (4,0) is one such 
convenient point. The ordered pair (4, 0) does not satisfy 
the inequation x<3. Also, clearly, апу other point in region 
II has abscissa 2-3 and therefore does not :satisfy the inequ- 
ation x<3. Every point on the line x—3 which separates the 
regions Тапа II has its abscissa х=3 and thus satisfies the 
inequation x<3. Since the abscissa of every point in region I 
or on the line х==3 satisfies the inequation x«3, Region i 
together with the line х=3 is called the graph of the inequa- 
tion x<3. 
Example 10 : Graph of the inequation y2 —2 

. Solution : We first draw the graph of the equation y ——2. 


Ius ue алынан үс 


26 -5 -4 -3 -2 01 


Region П 


ae Fig. 5.12 Mose 
It is a straight line parallel to the x-axis and passes through 


the point (0, —2)- This line divides the plane XOY into two 
regions, say 1 and II. (See Fig. 5.12). 
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Inequation. 2 
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l EXERCISE 53 Diem 


Draw the graph of each of thé following inequations : 


1. x>—3 (5:6 2; у 

3. 2у+3>0 
a SEXE 
о" 


HM 


Tr 
= еа ð- Ux Г 
v 


к et 


5,6 Simultanecus Linear Equations in Two Variables ; 
Sotutiun by Graphing ` у tr 
Exampie 11: А question:paper of a class ^; divided into 
two-partss A. and. B, AJL questions Ia Part/A carry-equal marks 
apd all questions, of; part-Balso атту equal marks: Ran 


correctly attempts 2 questions -from part; ўў 
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Войррайнн! Hérsecures 4дзтайс Вабіла соттору. soly 
3 questions from» part Acand 2:questions.from, part B., Hs. 
Keuresu3s: márksi Détermiined tbe; masks allotted іо тас 
question of part A and that obiparpBearti tog nsi SW. hiems 
( ISolution : Suppose each question of part А carries х marks 
aft 138 ow (0ШБЯ yd bexuose.eXism adi тої хіі, 
( . дойвирэ 


@б=у©-+-хё 
ü&ilumie boilsd> fio гіі гпойвирз owt sAT 

І to пиздеуе 5 10 ertolisups төг 
4 10 eoulsy bnil ot over aW 
1 БэйгНве ste ($) brs (1) 
гв (1)10 пойшог в гі doNw (СЭВ botobio ns brit 
Зе Зіавта wsib of гі ліва в Honk Бой. 


t—x үзлоїэтэйТ (£) bas (1) царе 
exigm ,гВтоуг 19010 al лэ Мотд тид 30 пони tit et Of 
Я fi sq 1o 15103 bns С 515 А nag 1o noitesup 49 d bsttols 


2 S 01 818 
«дшвхэ tedious 132103 гц ist 
.n8do2 гв blo гв esmi? bei vadisi г'пвдоё : Sb эідтахя. 


пэ sw Эй гв БО es гэт д 2sw пәй} 
хо: + 3 4 5 6 1 s 1892910 1 BAM 
bns|1:nsesiq 35 blo глаз x ei пвНо@ 2209912 .: повшо2 | 
гв Бо гв esmi) А ei 190181 e‘nsdod blo 2169% v гі 191153 гій. 
К aunt :п5й08 . 


ХОРТ” 


(ye 


andieach question of part В carries y marks. Ram solves 
атаў? questions from part A and 3 questions from part 


B. Therefore, his score will Бе 2x+3y. But һе secures 40 
marks. We then get the equation 
2х--Зу--40 -0) 
Similarly, for the marks secured by Rahim, we get the | 
equation . 9 
3х+2у=35 0) | 
The two equations thus obtained are called simultaneous Цан 


linear equations ог a system of linear equations. 

We have to find values of x and y so that the equations 
(1) and (2) are satisfied simultaneously, i. e., we have to 
find an ordered pair (х, y) which із а solution of ( 1) as well 
аз (2). One way to find such a pair is to draw graphs of 
equations (1) and (2). ; 

We see from the Fig. 5.13. that the two lines intersect at 
the point (5, 10). It lies on the graph of (1). Thus it is * 
solution of equation (1) Alsoit lies on the gra 
and so is solution of equation (2). Thus (5, 10) isa s 
of both the equations (1) and (2). Therefore, x 
y=10 is the solution of our problem. In other word 
allotted to each question of part A are 5 and that 
are 10. 

Let us consider another example. 

- Example 12: Sohan's father is 4 times as old as Soha ы 
. Four years ago his father was 6 times as old as he кА “Ф 
Find their present ages. _ ON 

Solution: Suppose Sohan is X years old at 
‘his father is y years old. Sohan's father is 4 ti 
Sohan. thus 


on 
— and 
S, marks 
of part B 


Present anq ^ 
mes as old as 


y=4x T 
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Their ages were x—4 and y—4 respectively four years ago. 
Therefore from the second given condition 


(0 y—4-6 (х—4) 
ог, у=6х—20 : . (2) 
We need to find the values of x and у that satisfy both (1) 


and (2). 

We draw the graphs of equations (1) and (2). These are 
two straight lines. (See Fig. 5.14) From the figure we see 
that these lines intersect at the point (10, 40). Thus. x—10, 
y=40 satisfy both the equations and is therefore the solution 
of our problem. In other words, the present ages of Sohan 


, and his father are 10 years and 40 years respectively. 


$ 30 15 20 25 19 9х 


‘Fig. 5.14 


ЗА РПЕМА ІС 
annual е, ja payable on different sums assured for differ- 


ent periods of time. 

(Conversion TablesWe can convert from one System ofunits 
to another system of units for the measurement of the same 
quantity with these tables. For example we can use these 
tables for conversion of the measurement of lengths from 
the older system to the metric system, and vice versa. 


EXERCISE 62 
Using the Table 6.2, calculate the yearly interest on 


- Rs 50/- at the rate of 4% per annum. 

Rs 90/- at the rate of 419 per annum. 

- Rs 400/- at the rate of 5% per annum. 

- Rs 500/- at the rate of 44% per annum. 

- Calculate interest оп Rs 70/- atthe rate of 5% 
annum for 11 months. 

Calculate interest on Rs 300/- at the rate of 4 
annum for 3 months. 


Ua ш N p 


per 


е 
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UNIT VII 


Sets 


In this unit, we learn about sets, set notation and some operations on 
sets. We also learn to represent sets pictorially. 


7.1 Sets 


Sets and set language have come to occupy an important 
position in mathematics in recent times. They help us to 
express many of our ideas and concepts in a clear and con- 
cise manner. All of us have an intuitive notion of what we 
understand by a collection, a group, an aggregate, or a set 
of things in everyday language. Let us now consider a few 
examples of collections to discover what characteristics we 
expect of the mathematical notion of a set. 


All the students in your class. 

A family consisting of a man, his wife, 
their two sons and a daughter. 

All the buffaloes in your village. 

All the letters of the English alphabet. 
The natural numbers greater than two but 
less than ten. 

The even natural numbers. 


ә Be чш Ce 


с 
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odNe-abserye that to-find.a solution.of a system of tyo sim- 
cence: Ша аа TA amie graphs of. the two 
equations. The point of. intersection, . Mf. рву, of. te two 
graphs is a solution of the system of equ : 3 

(55.6.1. Do system of two simultaneous шаг equations 
álvagschavé'a'solutióne? Nor necessdHil, ал évideht» from 
the following example. —' Аб bre 
Example 13 :(: Consider обучен ӨРӨӨН ОНЫ siib «vi 
зэл зуя ий Mord (Eit nil зэ) 
Oi=x ху —ФК 61) ішо orl} зг 158 


nadota 2585 Іцагэза' ыі ,eb:ow той 001 «йзібоза 400 14 


Xibvilasges assy ОР bns érsek Of 316 5НИЙ гін bins 


т 


Fig. 5.15\\ | 
We observe that the two lines аре, parallel 
intersect. Thus the two_ graphs have. 
Therefore, the given system of equation 
А system of linear equations having 
System of inconsistent equatibisgit ' 


and do not 
no common point. 
15 has по Solution, 
ПО solution js called д 
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Observe that х--у--3, х--у--8 is another system of incon- 
sistent equations. Verify. 


EXERCISE 5.4 


Solve the following equations graphically. 


1. x+3y=12 2. x—2y=16 
3x+y=12 2x+y=2 

3. x+2y—3=0 4. x+y—6=0 
—x—2y+6=0 2x-+3y=12 

5, 2x+3y=5 6. -х--2у--10--0 
3х--2у--10 2x—y— 8=0 

7. 2х-4у--3 8. x—y=3 
3x—6y=1 x+y=5 


5.7 Solving two Simultaneous Linear Equations in two 
Variables 
5.7.1 Method of Elimination by Addition and Subtraction 
Example 14: Solve the system of equations : 
3х—2у= 19 
- х+у=23 
Solution : Recall that equality sign іп an equation is nót 
affected if both sides of an equation are multiplied by the 
same number except zero. We multiply both sides of the 
“second equation by 2. The system of equations becomes 
3x—2y=19 
2х4-2у=46 1 { 
We find that now coefficient of у in both the equations is 


> 


he same. If we add these equations, the terms 
acel out, and we get 


sides by 5, we get x = 13. — 
215 in the second equation. We get 


y=—13+423=10 
Hence х- 13, у=10 is a solution of the given system o 
equations. 
Let us verify our solution : When we substitute these values 
of x and y in the given equations, we get 
3x—2y =3 x 13—2 x 10=39—20=19 
) and 
X4-y —134-10—23 
Thus, (ае equations are satisfied and our solution js 
correct 


Example 15 : Solve the system of equations 


3x—2y=—10 
4x+y=49 8 
| _ Solution : Multipy both sides of the second equation by 
2. We get 
8x4-2y—98 (3) 
Observe that coefficients of v in equations (1) and (3) are 
numerically equal. We add (1) and (3). We get 
11х--88 or x=8 
Put this value of x in (2). We get 
32--у--49 or y=17 
Hence (8, 17) is а 


lution of the given system. Verify. | 
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Example 16: Solve the system of equations 
2x4-3y —10 (1) 
3х--2у--5 0) 
Solution : Multiply both sides of equati 
those of (2) by 2. We get и 
6x4-9y =30 (3) 
6х--4у--10 (4) 
Coefficients of x in both the equations are now equal 
* Subtract (4) from (3). We get 
5y—20 or y=4. 
Put y=4 in (1). We get 
2x--12—10 or 2x=—2, i.e., x=—1 
Hence (—1, 4) isa solution of the given system of equa- 


tions. Verify. 
We observe that the method of solution by elimination 


using addition ог subtraction consists of the following 
steps : 
Step I We compare the coefficients of the variables in the 


two equations. 


| Step II We multiply (or divide) the equations by suitable 
number so that coefficients of one of the variables 


| аге numerically equal in the two equations. 
| . Step III We add the two equations or subtract опе 
the other so that the variable with equal numerical 

coefficient gets eliminated. | 

| >  StepIV We solve the resulting equation in the remain 
variable and find the value is variat 

ў Step У We substitute the value of th 
in step IV in one of the orig! 


ce 


om 
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p an equation in the other variable. Solve this 
era: equation and we get the value of the other 


variable also. 
i3 УТ „Check that the given equations are satisfied by 
the values of the unknowns obtained above. 


EXERCISE 55 


Solve the following systems of equations by the metho 
of elimination by addition and subtraction. 


1. x-y=—1 2. 2x+3y+5=0 
10х--8у4-7--0 3x—2y—12-0 : 
3. 6x—2y=1 4. 5х--9у--89 
3х--10у--6 2х--17у--15 
5. 2x+3y=5 6. 4x—3y=7 
3х--2у--10 3x—4y —14 
7. х--у--3 
3x+4y=10 


5.7.2 Method of Elimination by Substitution 
Example 17 : Solve the system of equations 
20:13 (1) 
3x+4y=9 : 
Solution : From equation (1) we get 
—у=3—х or y=x—3. 
Put this value of y in (2), we get 
3x+4 (Х—3)=9 
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or, 3x--4x—12—9 or 7x=21, i.e., x=3 
Put x=3 in (1). We get 3—y=3 or y=0 

Hence (3, 0) is the solution of the system of equations 
(1) and (2) 

Can you verify this ? 

We observe that the method of elimination by substitution 
consists of the following steps : 


Step] From one of the equations, we express one 
unknown in terms of the other. к 

Step П Substitute this value of the unknown in the second 
equation. We get an equation in a single variable. 
Solve this linear equation in one variable. This 
gives the value of one unknown. 

Step Ш Substitute the value of the unknown obtained in 
step II in опе оЁ the original or derived equations 
and then solve for the other unknown. 


Note that the two methods are essentially the same. In 
each we eliminate one of the two variables to get a 
simple equation in the other variable. Let us consider another 
example. 

Example 18: Solve the system of equations : 


x—2y=6 (1) 
2х-у=2 . (2) 
Solntion: From (2), we get 
у=2—2х (3) 
Substitute this value of y (1). We get 
x—2 (2—2x)=6 


or, Х--4-1-4х--6 or 5х--10, іе, х=2. 
Put x=2 in (3) We get 


4 MATHEMATICS 
Р у—2—4= —2. 


Hence (2, —2) is the solution of the given system. 


Verify. 

Example 19 : Solve the system of equations : 
2x+y=3 (1) 
2y—3x=6 : (2) 

Solution: From (1), we get 
у=3—2х. (3) 


Put this value of y in (2). Then 
2(3—2x)—3x—6 

ог, 6—4x—3x=6 or 7x=0) i.e., x0. гч 

Put x=0 in (3). we get y=3. 

Hence (0, 3) is the solution of the given syste 

equations. Verify, 


EXERCISE 56 


Solve. the following system of equations by using the 
method of elimination by substitution. 


1. х+у=60 2. 9x--4y— 19 
2x-F5y7-165 —9x--30y 2270 
3. 2х--7у--13 4. 4x43y—7 
2х--2у--5 10x—3y—7 
5. 2x+3y—8=0 6. 2x-L5y—34 
5x—8y+11=0 X+3y=20 
7. 3х--5у-27 


2x+3y=12 
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5.8 Linear Inequations in two Variables 

Two brothers, Ram and Shyam, go to see a village fair 
and their father gives them Rs 10/- as pocket money to be 
spent by them at the fair. They are allowed to spend the 
money as they like. Suppose х isthe amount spent by 
Ram while y is the amount spent'by Shyam. Since the 
two together cannot spend more than Rs 10/-, we have 
х--у«10. This is an inequation in two variables. In gene- 
ral, 

A statement of inequality which contains two unknown qua- 
antities is called ап inequation in two variables. We will 
study such inequations and their graphs in higher classes. 


Key Concepts 


Graphs of linear equations Simultaneous equations : 
in one and two variables 


Linear equations in two Solution by graphing 


variables 
Graphs of linear inequations 


in one variable 
ata ЭГ нанач АРЕ Ыгы. 


Method of elimination 


UNIT VI 


Use of Tables 


In this_anit we will learn about the use of tables to find squares, square з 


roots, сайга, cube roots еіс. of natural numbers. We will learn also about 
the use of tables in finding interest. 


$.1 Introduction 

There are many numerical computations in mathema: 
which һауе to be made repeatedly in various lypes of prob- 
lems. For example, we have to compute often the squares, 
Cubes, square roots, cube Toots, etc. of natural numbers. 


\ 
Instead of making such computations суету time that they 
are needed, we can make such calculations once for all and 
write them down in the form of tables from which the 
required values. can be just read. This would greatly save ў 


our labour. In fact, such calculations have been made for 


many types of mathematical expressions and are available 


in printed, form. One set of such tables is the well known 
'Barlow's- Tables of Squares, Cubes, etc.’ of all natural 
numbers from 1 to 12,500. 

In this unit we learn how to use mathema 
ing our examples from tables of 
interest tables. 


tical tables, tak- 
Squares, cubes, etc. and 
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No. "| Square Cube | Square root Саре тост 
п п? m Мп Зур 

: 1 1 1000 1.000 
3 © 8 1414 1:259 
3 39 27 1.732 1422 
2 16 64 2.000 1.587 
5 25 125 2.236 1:709 
2 Вее 16 2449 1.817 
2. 2 

8 E 512 2.828 з 
9 81. 729 3.000 2.080 
10 100 1000 3.162 2154 
n 121 1331 3316 1% 

12 144 1728 3.464 2 

13 169 2197 3.605 2. y 
14 196 2744 3.741 2310 
15 225 3375 3.872. 2:466 
16 256 4096 4.000 2519 
17 289 4913 4123 2511 
18 324 5832 4.242 2:600 
19 361 6859 4.358 2.668 
400 8000 4.472 2714 
21 441 9261 ' 4.582 2:158 
22 484 10648 4.690 2:802 
23 529 12167 4.795 2.843 
576 13824 4.898 2.884 


| нг 


24 
POE Р 
Table 6.1: Table of values of squares, cubes, square roots, and cube 


roots of all natural numbers from 1 to 25, The values іп the columns of 
square roots and cube roots are given up to three places of decimals. 


62 Use of Tables in Computing Squares, Cubes, Square 
Roots and Cube Roots of Nataral Numbers 
k at Table 6.1. This is an extract from Barlow's 


Let us loo : 
Tables for the values n= liton =25 of the natural numbern, 
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’s Tables give also the values of B and 1. and 
n Мп 
some other constants. For any extended computation in- 
volving the arithmetical operations on natural numbers, we 
can use the main Barlow Tables or other similar tables. 
Л 


ë M ды that the first column gives the natural numbers 
from"1 to 25. The second, third, fourth and fifth columns 


give, opposite these numbers, their squares, cubes, squ. 
roots, and cube roots respectively. We now learn the us 
thisitable from some examples. 
Example 1: Find (13). Ww 
Solution : We first locate 13 in the first column. Then move 
along the horizontal line containing 13 and locate the entry 


in this row in the column of cubes. We find that the entry 
there is 2197. Thus, 


(139 —2197 
Example 2 : Find 4/5. 

Solution : We first locate the number 5 in the first column 
We then go along the horizontal line ‘which contains 5 and 
locate the entry in this row in the column of Square root 
We find that the entry there is 2.236. Thus, 5 

4/5—2.236 


Example 3: Find 3/16. - 


9 


Solution: We first locate the number 16 in the first 
column. We then ёо along the horizontal line which A 
tains 16 and locate the entry in this row in the column са 
cube roots. We find that this entry is 2.519. Thus, й 
V16—2.519 


4 Ec а 
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EXERCISE 61 
Using the Table 6.1, find 


. the square of 19. 2. the square of 23. 
. the cube of 11. 4. the cube of 17. 
. the cube of 24. 6. the square root of 7. 


the square root of 18. 8. the square root of 21. 
the cube root of 12. 10. the cube root of 15. 


о іол 


6.3 Use of Interest Tables 

We know that when we deposit money in а Savings Bank 
account ina bank or а post office, the bank or the post 
office pays us, in addition to the amount deposited, interest 
on this amount. Now the amount of interest depends upon 
the amount deposited, the rate of interest and the time for 
which the amount remains deposited. This interest is usually 
added to the account once іп a year at the same time for all 
the depositors or when a depositor withdraws all his deposit 
from the bank. In any bank or post office, a very large 
number of interest calculations have to be made every year. 
These calculations are made more tedious by frequent depo- 
sits and withdrawals during the year. It would be very 
' laborious if such calculations have to be made afresh in the 
case of each account. To avoid the greater part of such 
labour, interest calculations for one year on different 
amounts at various rates of interest, say from 1 per cent to 
10 per cent at intervals of 4 per cent, are made once for all 
and printed as interest tables. With the help of these tables, 
the bank officials can calculate the interest due to each depc- 
sitor very quickly. ; 

Let us look at Table 6.2. 


29 Rs Р 
Rs 1 04 23, 05 : 05 
2 08 23 09 га 10 
3 12 ss 14 к. 15 
4 16 - 18 h 20 р 
5 20 ГА 23 Я 25 
5 24 ES 27 E 30 
7 28 543 32 AS. 35 i^ 
8 32 Qu 36 13 40 
9 36 ps 41 а 45 
10 40 js 45 i эй 
20 80 : 90 І 00 
30 1 20 1 35 1 50 
40 1 60 1 80 2 00 
50 2 00 2 25 2 50 
60 2 40 2 70 3 00 
70 2 80 3 15 3 50 
80 3 20 3 60 4 00:77 
90 3 60 4 05 4 50 
100 4 00 4 50 5 00 
200 8 00 9 00 10 00 
300 12 00 13 50 15 00 
400 16 00 18 00 20 00 
500 20 00 22 50 25 00 
600 24 00 27 00 30 20 
700 28 00 31 50 35 00 
800 32 00 36 00 40 00 
900 36 00 40 50 45 00 
1000 40 00 45 00 


Table 6,2 (Table giving interest рег annum), 


Observe that the first column indicates the 
rupees, the second column gives interest at the 
per annum, the third column gives the interest 
of 43% while the fourth column gives the int 


rate of 5% 


amount ір 
Tate of 4% 
at the rate 
егез! at the 
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Example 4: Calculate the yearly interest on Rs 60/- at 
the rate of 5% per annum. 

Solution : We locate 60 inthe first column. In the hori- 
zontal line containing 60, we then locate the entry in the 
column of 5%. This entry gives Rs 3. Thus the yearly interest 
on Rs 60 at the rate of 5% per annum is Rs 3. [ 

Example 5 : Calculate the yearly interest on Rs 300/- at 
the rate of 44%, per annum. 


Solution : We locate 300 in the first column. In the hori- 
zontalline containing 300, wethen locate theentry in the 
column of 44%. This entry gives Rs 13 and paise 50 Thus 
the yearly interest on Rs 300 at the rate of 449) per annum 
is Rs 13 and paise 50. 

Example 6 : Calculate the interest on Rs 80/- at the rate 
of 5%, per annum for 4 months. 

Solution : We locate 80 in the first column. In the hori- 
zontal line containing 80, we then locate the entry in the 
column of 5%. This entry gives Rs 4. So the interest for one 
year on Rs 80 is 400 paise. Therefore interest for 4 months 
on Rs 80 15 (4% x4) раї5е--589 paise, i.e., nearly 133 paise. 
Thus the interest on Rs 80/- at the rate of 5% per annum for 
4 months is Re 1 and paise 33. 

Remark: Table 6.2 provides interest at the rate of 4%, 

419, and 5% per annum. This table does not 
give us the interest on Rs 150 at the rate of 10%, 
per annum directly, as it is incomplete. But we 
havetables which give us the interest at other 
rates on different amounts 

Many other types of tables are available. We mention 
below two of them. 

(1) Insurance Premium Tables. These give the amounts of 


v ——— =” л “М. 
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7. Five most interesting books in a certain 
school -library. 
8; $ letters in the word SCHOOL. 
9. "Theletters in the word Committee. 
10. Thrée strongest men of India. 


Let us look at Example 1. Do we know for definite what 
belongs to this collection and what does not ? Yes, we 
do. For anything to belong to this collection, it has first to А 
Бе a student, and next a student іп the same class as yo 
are. Are you yourself a part of this collection? Yes, y 
are. So we know who belongs to the collection and who do 
not. Also we note that all the members in this collection 
are different or distinct. 

Can we say the same about ай the other collections.? 
us check. In Example 2, we know for definite wif 
to the family and who does not. Also all the memb 
distinct. Evidently, the same can be said about the callec- 
-tions in Examples 3:6. But what about Example 7? Can | 
we say definitely which are the most interesting books in the | 
school library ? Мо, because what may appear interesting | 
to one person may not appear so to another. Thus the со!- 

lection in Example 7 is not well determined ог well defined. 
Evidently, we ¢annot dé much with such a 
do not know for certain what. belongs to it 
not. Example 10 is similar. Why? Such 
not regarded as sets in mathematics. 
Next, let us look at Example 8. The 
SCHOOL аге 5, С, Н, О, О, І, чхш number. Althou EU 
given any letter of tue alphabet, we can say шин 
whether it belongs to this collection or Dot. However, the 
letter O occurs twice. When anyobject appears ina collection 


collection as We ү 
and what dóes ф 9) 
Collections are | 


letters in the word f 
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more than once, it is found convenient to. count it only 
once, і. e as only one object, and not as many times 
as it occurs. With this understanding the objects in such 
а collection also become distinct. Thus, the collection of 
letters in the word SCHOOL would consist simply of the 
five letters S, C, Н, O, L. ; 

Again, in example 9, the collection of letters in the word 
Committee consists simply of six distinct letters с, о, m, i, 
t, е. It may also be observed that in this. manner, we are 
considering the collections, such as c, o, m, m, i, t, t, e, 
e. and c, o, m, i, t, e as the same. 

From the above considerations, we say that : ` 

By a set we will understand a well defined collection of dis- 
tinct objects. Tbus 1-6 and 8, 9 above are examples of sets. 

The objects belonging to a set are called its members or 
elements. : р 

Although the elements of a set are generally objects of the 
same kind, it is not necessary. They may be of different 
kinds. For examrle, we may have a set consisting of a horse, 
а cart and а man. Also, we may have sets as elements of sets. 
We shall generally be concerned with sets whose elements 
are numbers. Another important category of seis that we 
deal with are sets of points. We give a few more examples 


of sets. 


11: All citizens of India. 

12. All the points опа given straight line. 

13. All the points lying on a given circle. " 

14. All the integers. 

15. All the real numbers. ^ , З 

16. The set of letters in the word ‘success’. Notice that 
by the convention explained for Examples 8, 9, 
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is set consists only of the letters.s, u, c, e, four 
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Which of the following are sets ? For those that are no 
explain why. 


1. The collection of all mango trees in a certain garden. 

2. The collectioa of five most popular teachers in your . 
school. 

3. The collection of all girls in your school. 

4. The collection of five weakest countries in the world. 

5. The collection of all real numbers. m 

6. The collection of all odd integers from 1495100. 

Ik 


. The collection of ай circleein a plane. ' А 
8. The collection of all equilateral triangles in a plane. 
9. The collection of all hair on your body. P. 
10. The collection of all the grains of sand in the entire 
world. 


7.2 Notation : Ways of Describing a Set 
Sets are usually denoted by the capital letters A, B, C, X, 
Y,etc. Their elements are denoted by the small letters a, 
b, c, etc. | 
Let A be the set of all one-digit natural numbers. Then 4 
belongs to the set oris an element ofthe set. We express 
this i in symbols as 


m 
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4 € A and read it as 4 belongs to A.’ 

The symbol € stands for the words ‘belongs to’ or ‘is an 
element of’. Evidently, 10 does not belong to the set. We use 
the notation 1 : 

10 6 A and read it as “10 does not belong to A’ to express 
this fact. 

In general, if an element a belongs to a set A, we write 
a € А. and if it does not, then we write a & A. | 

We need some notation for describing sets. There are two 
ways of describing sets. 

1. Tabular method : In this method we list all the members 
of the set separated by commas and enclosé them in braces or 
curvilinear brackets. Thus, if A is the set of all one-digit odd 
integers from | to 10, then its elements аге 1, 3, 5, 7, 9, and 
we write the set in the tabular-form as 

INN Б» Tie Gy 


Again, sets of examples 2, 4, 5, 8 of Section 7.1 can be 
written in this form as 


2: (таг, wife, first son, second son, daughter} 

4. fa, Б, с, d, ..., X, У, 2), the dots standing for the 
unlisted letters. 

S. (3, 4, 3. 6, 7, 8, 9) 

SHS eh lay Oy №} 

The tabular form of a set is also called the Roster form 
since all the elements are listed or what is the same thing, a 
roster of the elements is given. This method has the advan- 
tage that one can visualize the elements and thus visualize 
the set as a whole. However, the method is not useful when 
the number of members of the set is very large, or when the 
rule regarding membership of the set does not permit the 
listing of all the members. 
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We may remark here that the order of writing the elements 
of a'set is immaterial. Thus the following sets are the same. 
(a, b, с}, (c, а, b}, (b, с, a} | 
Set-builder method: When the elements of a set are 
aescribed by a common property or a rule, we denote a typi- | 
са! member of the set by х, у, etc., follow it up by the state- | 
ment of the rule and enclose the whole in curvilinear brack- 8 
ets as before. Thus, if A is the set of all integers, we write А 
A={x | x is an integer} d 4 
This is read as ‘the set of all x such that x is an integer 
this form, we may understand the first bracket T tom 
‘the set of all’, the standing line ‘|’ to mean ‘such that’, і 
final bracket} being added for the sake of symmetry. Some- 
times, a colon 57 is also used in place of * |”, 
The sets in examples 5, 6, 15 of Section 7.1 can be written 
in the set-builder form as 5 Á. 
S р | x is a natural number and 2<x<10} 
6. (п | п is an even natural number} 
15. (x | x is a real number) 
Since the rule defining theset is written in this. form 
describing a set, it is also called the Rule form. 
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1. LetA—(x|xisa natural number and is a multiple a 
of 7} 


(a) List the elements of A which 

(b) Insert the symbol & or € a 
blank spaces 
following : 


are smaller than 50. 4 


5 appropriate in the 
represented by dashes in the 
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0) 5—A (1) 13-А (ш) 51—A 
(iv) 21—A (v) 84--А (vi) 28—A 
(vii) O—A (уй) 7-А (5) 35—A 


2. Write the following sets in the tabular form : 


| (i) A={x | x is an integer and —5<х<4). 

n (ii) B={x | x is a two-digit natural number the sum 
of whose digits is 7}. 

(iii) C={x | x=0 or x=1} 

| (iv) D={x | x is an integer, 3<х< 15} 

| (v) The set of all letters in the word ‘INDIA’. 


3. Write the following sets in the set-builder form : 


(i) (a, e, i, о, uj 

(ii) (—3, —2, —1, 0, 1, 2} 

(iii) {4, 8, 12, 16, 20, 24} 
*(iv) (1, 4, 9, 16, 25, 36, ...} 


23 


‚ 7.3 Finite and Infinite Sets : the Empty Set 

In many sets, the number of elements can be counted. For 
example, the set of letters of the English alphabet contains 
the 26 elements а, b, с, ... X. У, 2. The sets of examples 2, 5 
of Section 7.1 contain 5, 7 members respectively. The num- 
ber of elements in examples 1, 3and 11 cannot be stated 
immediately, but these elements can be counted and we can 
be sure that it isa definite number. All these are examples 
of finite sers. A finite set contains a definite number of 
Эн Eo мА is not finite is called an infinite set. In such 
a set, the number of elements cannot be expressed by any 
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positive integer. Can you see that the sets in examples 6, 12- 
15 are infinite ? In example 6, we can count the elements as 
first, second, third, etc., but the counting process never comes 
to an end. In others, even this cannot be done. Why ? Can 
you recall the property that between any two distinct real 
numbers, there lie as many real numbers as we please ? 
Sometimes the rule determining the elernents of a set may 
be such that no objects satisfy the condition laid down 
the rule. For example, consider the set of all natural num Е 
which are less than 5 and also greater than 6. Evidently, 
there is no such natural number. So there are no elements 
in the set. We may very well say that there is no set satis- 
fying the given conditions. However, it is found convenient 
to say that this is also a set but without elementsuIt i 
the empty set or the null set. Whenever the г otti- 
mining the elements of a set involves some contradictio in 
itself, we get the empty set. We denote the empty set by the 
symbol $. The symbol '( ў, without anything between the 
brackets, is also sometimes used to denote the empty set. 


А set consisting of a single element is sometimes called а 
singleton set. Examples are 


(Sun), (Earth), (5), (6), etc. i 
You can think of other examples. 
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1. Which of the following are finite and which are infi- 
nite sets ? 


(i) The set of all the divisors of 64. 
(ii) The set of multiples of 4. 


2: 
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(iii) The set of all natural numbers which have 6 in 


‚ the unit’s place. | 
(iv) The set of all real numbers greater than 6. 


(v) The set of integers between — 50 and 50. 
: (vi) {x | x is the cube of a natural number and 
x<1000}. 
2. Which of the following is the empty set ’ 

(i) The set of Mathematics books in your school 
library. : 

(ii) {x | x is an integer and 2х=—3} $ 

(iii) (x | x is an even prime} & € 


v] 
7.4 Equality of Sets; Subsets 9 
We now learn some relations between sets. 
Equality of Sets : Two sets are said to be equal if they have 
the same elements. 
Thus equality is interpreted in the sense of sameness. We 
use the symbol «— for equality as for numbers. We give 


some examples of equal sets. 

Example 1: (a. b, c}={b, а, cj 

Example 2 : If A={& | x=n п із а natural number}, and 
В= {1, 4, 9, 16, 25, ...}, where the dots stand for the follo- 
wing perfect square natural numbers, then A— B. 

Can you observe that when two sets are equal, every element 
of one is an element of the other and vice versa ? 

Subsets : In place of the relations 'greater than' and less 
than’, we now have the relation of a set being a subset of 


another set. We consider some examples. 
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Ехапар!е З : Consider the sets E 
А, b, c, d; е, f , В={а, b, c d, e, f, g, В} 
at every element of А is also an element of B. 

4: Consider the sets À—41, 3, 5, 7, 9} and 
B={l, 2, 3, 4, 5, 6, 7, 8,9}. Again, every element of A is 
an element of B. А 

In both these examples, we say that А is a subset of B. In 
‘these examples, B contains elements which are notin A. 
This is not necessary always. All that is necessary to make 


А а subset of Bis that every element of A’ should be an | 
_ element of B. : 


We this sav : 


| Айр A is a.subset of a set В if every element of А i 

element of B. We write this in symbols as е Р 

ў ў ACB ; 

and read itas ‘Aisa subset of B' or “А is côntained т 

The symbol C is also called the inclusion symbol. 
When A is asubset of B, we sometimes say that “В isa 

superset of A’. We write it in symbols as 
BOA and read it as “В contains A’. 


Remarks : 1. Observe that every set can be regarded asa 
subset of itself. Thus, in symbols 


ACA is true for every A. 
2.. The empty set contains no elements; so it can be 
regarded as а subset of every set. Thus, in symbols, 
2 ФС А is true for every А. 
3. We observe that we cannot write “хСА” гє е А’ 
when x із ап element of A. Ў 


4. Can you observe that the symbols С and Э look like | | 
elongated and rounded < and > ? Does it give you an idea 
about their origin ? Ч 
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We now take a few more examples. А 

Example 5: Consider the sets A={a, Б, с, e, f} and 
В--(с, d, e, f, g, В}. Is every element of A a member of B? 
No. So A із nota subset of B. Can you check that B is 
also not a subset of A. г 

When a set А is not a subset of a set B, we write it in 
symbols аз А ФВ and read it as ‘A is not contained in B’ or 
‘A is not a subset of В. Here, АФВ and ВФА. 

Example6: If ACB and ВС A, then A=B. 

Solution; For, if every element of A isan element of B, 
and every element of Bisan element of A, then A and B 
must have all thei elements the same. Thus A=B. 


ай 


The converse of this is also true. Can you see this ? $ 


7.41. Universal Set: It often happens, in discussions 
involving sets, that all the sets under consideration are subsets 
ofa larger set. Then this larger set of which all the others 
are subsets is called the universal set or the universe of 
discourse, for the discussion at hand. For example, if we are 
making population studies in our country, our universal set is 
the set of all citizens in our country. Again, if we are discuss- 
ing sets of points ine, our universal set is the set of all 
the points on the line. f we are working with real numbers, 
our universal set is the setof all real numbers. In all such 
discussions, the universal set is given before hand either 
implicitly or explicitly. } 

Example7: Write down all the subsets of (1, 2; 3}. 

Solution: : In forming the subsets, we may take one of 
its elements at a time or two ata time or all three. Thus 
we get the subsets UT 

(1), {2}, Bp 2, 3), 8, 0, {L №1, 2, 3} 


"These are seven in number. Also we have agreed to re- 
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gard the empty set ф as a subset of every set. W: add this 
to the seven already listed to get eight subsets. 
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1. Let X={—2, —1, 0, 1; 2), Y —(0, == Ds n -2, 1}, 
A— (1,2, 3}, B= {—3, —1, 2}, C= {—1, 1, 0} 
D= {—1, 1, 2}, E= (—2, — 1). 

(i) Which of the sets Y, A, B, С, D, Earé 
БОР ofA M 
(ii) Ате the sets X and Y equal ? 
9 Write down all the subsets of the following sets. 
2 {—1, 1. 3. 0, 1,3. 4 fa, bc, d) 
5. How many subsets has each of the sets in Questions a 


2-4? 
| 6. Which of the following statements are true and 
Ё which false ? 

(i) a € (с, f, j} (ii) {a} C (a, b, c} 


(iii) (a) Э (a) Gv) (0,1) є (0, 1, 2} 
(у) {х, у, z} с (x у). 


7. Can we take the followingas a definition of a subset ? 
A is a subset of B if x € A implies x € B. 
8. Make correct statements by filling in the symbols 8 
[4 


or d: in the blank spaces indicated by dashes. 


(0 № —— {—1, 0, 2) 
(ii) {—1, 0, 1} == Оа m 
(iii) {x | xisan even natural number) 
{x | x is an integer} 
(iv) {1, 3, 6 7} ті В, 5, 7, 9, 6, 11) 
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7.5 Set Operations 

We now describe two operations on sets which take the 
place of addition and multiplication for real numbers. 
Since these differ very much from ordinary addition and 
multiplication, we use new names and symbols for these. 

The first is the operation of taking ‘the union of two sets’. 
As you know the word union means joining together of 


, two pings So how do we interpret this for two sets. Let us 


| take two examples. 

COE Example 8 : Consider themseis А=И, 2, 3} and 
“B={4, 5, 6, 7). If we put all their elements together in one 
set, we get the set в, 2, 3, 4, 5, 6, 7}. Would you agree 

that C is the set obtained by the joining together or union of 
А and В? 

Example 9 : Consider now the sets 

A={x | xis real and 1<х<3} and B={x| х is real and 
2<x<4}. If we put together all the elements of A and B ina 
new set, we see that-we get all the real numbers between 1 
and 4 with the numbers 2<x<3 each repeated once. Since 
repetitions are not allowed in sets, we get the set 

C={x | xis real and 1<x<4} 

In both the above examples, the set Cis called the union 
set of the sets A and B. We thus have : 

Union of Sets : The union of two sets A. and B isthe set 
C which consists of all those elements which are in A or in B 


or in both. We write 
C=A U B, and read it as A union В. In symbols, 
С=А u ВЫыхІхе A or xe Bor x e both}. 
The second operation on sets is that of ‘taking’ the intersec- 
tion of two sels’. The word intersection means where two 
things meet, such as the intersection of two roads or two 
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ines or two circles. In other words, 


we have to 
s common in the two sets. 


Let us consider two 


ARNA, 5, 6, B 
What is common between the two sets ? Evidently, the 
elements 4, 5, 6. They form the set 


С={4, 5, 6) SoC is 
the set of common elements of A and В. 


Example 11: Consider the sets нь ай 
2 A={a, b,c, dh «Фр e, h, j, k} 
Now what is common between the two sets ? 
En MEN So what is the set formed Бу rj 
common elements ? The set С--ф, So eee 
In both the above examples, the Set C is сай dio) 
intersection set of the sets A and B. We thus have. ^. 
Intersection of Sets : The intersection of two sets A and B 
is the set C which consists of all those elements which ar 
A as well asin B. If there is no such element, then 
intersection is the empty set $. We write 
C—AnB and read it as А intersection В. 
In symbols, 
C—AnB—(x| хє Aandx е В} 
We now give some more examples. 
Example 12: Let A={x| x is ап integer and 
3<x<5} and B={x|x is an integer and 4x <8}, then 
AUB={x | xis an integer and 3<x<8}={4, 5, 6, Мапа 
AnB={x | x is an integer and 4<х<5} = {4, 5}. 
Example 13: If A= (1, 2, 3, 4, 5} and B 
then AUB—(, 2, 3, 4, 5, 6, 7, 8}, АПВ. 
When two sets have no element т commo 
intersection is the empty set, then the sets 


=E 8: 


© 


={6, 7, 8} 


n, that is their 
are said to be 


| а-аа 
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disjoint. Thus the sets in Example 13 above are disjoi 
$ joint. 
б гаша 14 : If A is any set, then both its union wi 
self and its intersection with itself are evidently сач 
al to 


A itself. Thus, 
AUA= А and An A—A for every set A. 
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? oy Nak, ЭРЧ 
АТО, 2, Зу Вузу, 5, —3}, and 
C=(2, 4, 6, 8). Find : 
(i) AUB (ii), BUC (1) CUA (у) 
! NN ANE AnB 
(vi) СПА (уй) (AUB)UC (viii) s P 
(іх) (AnB)nC (x) An(BnO) JS 
2. Find the union and intersection of 
íx|xisa natural number) and (х | x i : 
3. Find the union and intersection S Mna ч 
{x | xis an odd natural number} and i 
natural number}. ) Ux xis ашсусн 
4. Which ofthe following pairs of sens i 
and which not ? MOS p 
(i) (1, 2, 3, 4) and (L, 3, 4, 5, 6) 
| (ii) (a, е, i, 0, u} and (с, d, e, fJ | 
9 (iii) {x | х isan even integer} and i лз i 
XK integer} ; шин 
(iv) (x | х is a prime} and (х | x is even and x>2} ' 
. Let A, B be any two sets. Can we say that AUB 
AnB are disjoint always ? Support your ур D 
examples. | 


6. In each of t 
minimum num 


48. 
» 


he following pairs of sets, remove the 
ber of elements from one of the 


MATHEMATICS 


wo sets so that the resulting pair is disjoint. 
(1) (5, 9, 13, 23, 27} and (3, 5, 7, 9, 37, 41} 
(ii) (—1, 0, 1, 2, 3} and (3, —3, —2, 0} 

(iii) fa, e, i, o, u} and (a, b, с, d, e, Г} 


7.6 Properties of Set Operations а 


оп sets аге not similam іб the Operations of additio 
multiplication defined on numbers, they have many о 
properties of addition and multiplication. | 

Union and intersection of sets are also commutative, 

® associative and distributive. For example, it is immaterial 

whether we form the union of two sets A and B or of Band 
A. Similarly, for intersection of A and B. Can you y 
these for any two sets of your choice ? 

We will study these properties in detail in higher classes. 


e. Venn Diagrams % 


We have studied the concept of a set, some relations bet- 
ween sets, operations -on sets and the Properties of these S ds 
operations. All these become clearer if we use Venn Diagrams* 
to represent sets pictorially. In these diagrams, the universal 
set, of which all the sets under consideration ans the subs 4 
is represented Бу the interior ofa Iectangle, and any gi 
set is represented by the interior of a circle drawn inside the 
rectangle. We could also use triangles, squares and the like ў 


| Although the operations of union and intersection defi 


* These diagrams are named after the 


English math ici 
(1834-1923). : athematician John 
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in place of circles. Fig. 7.1 (1), (1), (iii) gives the represent- 
ation of two sets A and B іп the three cases when the sets 
are not disjoint, disjoint and when ACB. Notice that the 
circle representing A is drawn inside the circle representing 
B in the third case. 


The shaded areas in Fig. 7.2 (i), (11), (iii) show AUB in 
the same three cases. 


(1) 


Fig. 7.2 Venn diagram for AUB 


Fig. 7.3 gives the pictorial representation of ANB in the 
three cases. 
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Fig. 7.3 Venn diagram for АПВ 


Notice that when A and B are di 


sjoint, there is no shade 
area in Fig. 7.3 (ii) » : 
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If A and B are sets, dra 
following : . 


1. An B when Ec A : А7 ^ 
2. АСВ when BCA 
4 3. Verify the following with the 
0) AUB=BUA 
(1) AAB=EnA i 
ГИНЕ as pera E 
Key Concepts 


w Venn diagrams for the 


help of Venn diagrams 


Set M MAR Universal set 
Finite and infinite sets Union of sets 

Null set Intersection of sets 
Subsets j Disjoint sets 

Venn diagrams 


Miscellaneous Exercise II 
(On Units V and VII) 


Draw the praph of the following equations : 


1. 3x=—5 2. 2у--3 3. y—x=0 
. x—y+5=0 DX. BV 
4. х-у--5 5 2 Е 1 
Draw the graph of the following inequations : 
_ 6. 2х<1 (5 х> 2. 8. у>—3 
= 9. 3y+9<0 


Solve the following simultaneous equations graphi- 
cally : 


10. 4х--3у--3--0 11. 2x+3y+7=0 
2x+y—11=0 3x— y+5=0 
Solve the following simultaneous equations : 
12. 4x—y=0 13. 2х-3у--5--0 
9x—y=40 3x+2y—6=0 
=i es Cer Yon ОНА АП 
14. 2x—3y— 1-0 15. 7 6 ++, =0 
2572: el his VA ГЫ 
3х--4у--27--0 3 + 5 65 =0 


16. The sum of the ages of the father and his son is 48 
years. After 21 years father will be twice as old as 
his son. Find their present ages. 


8 TU жеттен Вии 
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h of the following are sets ? For those that are 
explain why ? 


1). The collection of your school teachers whose 
mes begin with the letter S. 

e collection of wise girls. 

(iii) The collection of books written by Tulsidas. 


18. Write the following sets in the tabular form : 


(i) The set of vowels in the English alphabet. 
(ii) АЕ | x is prime and x<20} 
(iii) B={x | x 15-а day of the week} 
% 


19. Write the following sets. in the set-builder form 5 
(i) (6, 12, 18, 24, 30} 
(ii) (2, 4, 6, 8, 10} 

20. Write down all the subsets of the set (a, bic}. 


21. Let A={x 1 х is ап even natural numbe 
B={x |x is an odd natural number 
Find AUB and АПВ. 


22. Which of the following pairs of sets are disjoint and 
which not ? 
(1) (1, 4, 9} and {2, 4, 6, 7} 
(ii), {2} and {3} 
(iii) (а, b, c, f} and ff, в, h} 

23. If A, B, C are sets then draw Venn diagrams for 
the following : 


(i) (Bn C) when BCC 4 
(ii) А апа С are disjoint sets ; А апа С are subsets 
of B. | 


Answers те 


EXERCISE 11 


1. 100003; 2 100; 3. 50сш,16: 4. 18,50,19; 95. 2,3, 
S ДЮ Gg eH. 


5,7, 11,13,17,19,23,29: 7. з» 13° 75: * 7168" 
—3 8 ШИР: ЕЕ = то 
O, Бара 598 10. 1.714285,  —1.6, —0.916; 
11. 5, 13. s, 15. —1715, 987003; 16. 202, 204; 
й 18. even; 21. >; irme, (ii) False. 
17 шин . 


22 5 7320; 4. (i) Rational, Qi) Irratiopal, (iii Irrational, 
(iv) ‘Irrational, (У) Irrational; 5. 3.35663; 6... 2.4393; 7. 0.707; 
8. 2429; 9. 5-2у6; 10. У5+У3. 


EXERCISE 1.2. 


EXERCISE 2.1 


1. (і) V2 (ii) V2, 2, (iii) 2, 1, (iv) аз, —3, (у) a7, 2, (vi) ET 
(vii) v2,0, 8001, 1; 2. OWD, 09 (УЗ), Gi) GY, (+) 
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77 (83814. От, (i) 3, Gii) i. (iv) 9/3, (у) 2. 


& 
EXERCISE 22 


1. @ 3, G) 4 09-15 © 15, 00 1004, (v) 2/3, 
(їй x? , (vii) 8; 2. @ 36 G) 22 
* 


X ф TF. 


EXERCISE 2.3 


1 0. a » Gi) 1 » Gii) <= ХООЛ (iv), (vii), © (xii); 
3. (i) 4, (ii) 4, (iii) 2. % 


EXERCISE 24. 8 


1. 09, (у); 2. (і) (V2), e (V2), (iii) (4/3)-*, 


от ;з. 3; 4 46. 


EXERCISE 25 


1. 32—ү?; 2. 3; 3 /5; 4 —n; s 74/1; 


ANSWERS 
NT, 9 5 
6. 2 7. >; 8. Зул, 9. ayb; 10. а; 1L 


= 3 2 3 
12. vab; 13. (12) 4555: 14, 3a4923; 15. Ма+у2; 


16. a—b. 
EXERCISE 341 
1. (i) 9, (ii) 25, (iii) 4; 
2 8 101 99 
> п" 79% 0х 1007: 
39 9 
з. ОПУ 30у 37у; 


» 


a) 20 а eH 26; 


9 

2 ууу — 12 я 83, 
Уа уау; 
1.9 15 


Ty are army 


--3.6х44-11.632--11.4х2-4-8, 
It сап be of same or smaller degree; 
—4x8—2x+1; 10. —2x*+x—3. 


5 EXERCISE 32 


1 DE 6. gm 1 V2 
—3 5% v2x. L5 х", үр ХУ 2. 12a, — 73 5 — 75 


г яа 1-2 
бм + (3-й) 5, | 


са 


(MATHEMATICS 
Зул apt Муун 


(н 


6. (= Зе (3-3 ч. 


EXERCISE 33 


1. (0) xh, Фе (іі) хз, (iv) х2; 2 (1) х5, (іі) хе, 


(iii) х, 
GV) ха. 


EXERCISE 3.4 


3 а у15 у 1 
Es potu Я рак а 
3 2449/2 
EU goa «Oy. 
64 81 
9. — up 10. TER A 
EXERCISE 35 
з. V2 atav? mage Ма з 4 
4. ин: = 35у 
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EXERCISE 3.6 


2. A XEL (Asa : 


з. etsen; 4 (AKO М je - (2:539) 3; 


1. x?+(a+1)x+a ; 


EXERCISE 3.7 


2. No; 3. (i) Уфу, (ii) y+1; 


1. x+6; 
pee Cy зит TEA z 
$. 5x!i— Ix + 3:3 Xa 5. 2x? + 1. 


EXERCISE 3.8 


1. 0) Rational expression, (ii) Polynomial, (iii) Rational expression, 
(iv) Polynomial, (v) Rational expression. 


A ngs WO 
3. —10 x+ тэх 7х-- 3 


EXERCISE 3.9 


4 2х"4-2х (ii) —xt+ 2х3-- 4x24 4x—1 
r @ 2х-1 х3--252--х-2 7 


Ё 


m SERO 8у1--2у--2 2x 18x 
Gi) ур кту 2 Taya $ 0 р: 
40) ES 5 


У 
3 EXERCISE 310 : 
? 
ABFA 9x2.) За. 
а аза ЦЫ ое 
з. 128х2--352х2--102х-2 
2 l6x?--42x--5 


EXERCISE 311 


ў JUOD ND TE 
а. (у без 2х1+5х-++2 y*--15y 
Ф Sapa 00 Заз 00 рус” 
(SEE 6. , — 29:39 208159 
x+1 х2--3х-4 Я 
3 60--35у--55у2--7у» 
Т ОСОЛ абу а 


EXERCISE 312 


б 
а: 3х--0.1 * 7x?—2x--0.3 sa  3y4d-0.8 

Lo 05х07 0) 8х2--7х--0 7 (і) 20у —8у 5; 

A XQ H4213? ажаа. ЛЫН lm 

з X*E21x*-30x-10 "0 5, (i) хр. 


Ж 274 ——3 ЖУ” | 
5 | i MATHEMATICS 
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EXERCISE 3.13 


2x2+3x+1 | 2 3у2+-2у—5 . 


о! ` 5--Зу—2у° ° 
с 4х44-6х3—2х21-4х с. 9 
3:10) = aoe ame а 
xxl xx ESAE 
(iii) ЕГ” (iv) xe 


Отек (О оваа 


EXERCISE 41 


з. зарана мна ад: Ch RE 
5. 9801; 6. ах“ І2х2 92; 7. 4%+44х+1; 8. 9x°—6x+l; 


o да 220:105: 10. x+2V7x+2; 1L x+ vao х+; 


ch 1 
12. x+ 28 2.49; 13. /24+4/2@; 42-55 


EXERCISE 42 


1 anp 3arb+3ab?+b°; 2 аз: 6a°b+ 12ab?+ 857; 
3. xi 6x?-+ 125+ 8 4. x 6xty4- 12xy*-8y*; 


5 216x?+756xt +8828 ЗУ; 6. эмч VF ак; 
373 peed tise Күлне 80:15: 10. ищ 


11. 1157.625. 
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EXERCISE 43 


5 усан ам ; 2. 8a2—60atb+150ab*—125b?; 
._5124#5—1924#+-24х—1; 


147 343 

ALS 3 
100 * 1000 * 
. 912673; 7. 997002999; 8. 970.299. 


1 

3 ~ 

4. 1-21. х+ ; 5. 8х3--36х224-54х2-0212 ; 
6 

EXERCISE 44 


1248: 2241: 3. 0.343x?+0.729y>; 4. 8х24-343; 
| Xe 27 : і 
3 » ТУ СР 


EXERCISE 45 


L 1—9; 2, 12527; 3. 881; 4. 1-88 


1 
5 лау 


EXERCISE 46 


1. V2xl-kvZx; 2. 7У1+3у—7у); 3. G—vV2064-2) ; 
4 (УТ y—V3 26/7 y-/32) ; 5. (42); 6. (0.1x-Ey ; 
7. «-43Р: 8. (2 х—у). 
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| EXERCISE 47 


L Gil; 2 G—5*; 3 (к+1х+9); 4 6—30+0 Е 
5. (z—3)(z—2); € (v+ ВЕ +3}; 7: «+ 5)(x—4) ; 
è 8. (к+ах--2а); 9. (хєЗЮ(х-4): 10. (х—3р)(х +2р). 


EXERCISE 48 


й, 


| 1. (а—1)@#+а+1); 2 a(a+1)(at—a+1) ; 
3. (гкілуцаю- ну а9у); 4. (62+) cr — 


= 1 2 
5. (5% ye JE 
6. (0.1x—0.5y)(0.01 x2--0.05xy4-0.25y?): 


\ MISCELLANEOUS EXERCISEI a 


4. 2.8284; 7. Rational number ; 9. (i) 55.9, (ii) 5, ii) 0.037, Gv) 127; 
1.0 9 ш шш 0) 1205. 09 ара 

20587 | 
4143. з Q (O*, G) 5; м —4; 15 —5 | 


(iv) 12° i 
16. © 7, 09 24/3; 17. () 485, Gi) 2a* b 


4 / | 

18. 4 3х 14x55 3; 19. x +4x—5V3; 20. 109+ BY 2 53) 

3 at. 144/22 y 2»; 22. T T— ye T H | 
7 23 Quotient is хх, Remainder is —2x—5 | 


MATHEMATICS 


5 3) —5x?+ 2x+4, Remainder is —6x—6; 

: 3х2--6х--2 | от, &tbtox, 
х2--3х2--2х” 3 abc ? 
14-15х--6х2--х3 z m 
| ee о; 30 (і) 34/x, (ii) ух 
31. (х—4 32. о. 3 : 

(x—4) metres, 32. зарэ: 33. 27х24 125у°; д 

34. 2/2 3—3; 35, (14-22) (1—2а--4а?) ; 


36. (5р—1) (25р:+5р+1); 37. (4k--60 (1602—24 kt + 36); 
| 38. (3:4-4) (9r 3rd.) : 


39. 32—301; 40. 2. 4 


EXERCISE 51 


э 


(А. Ад), B(5,—2), С( 


3,—4), D(—3,—3), E(—5.—4), F(—4,3), 
G(—24); 2. No; : | 


3. Мо. ” 


) EXERCISE 52 


еш 
2 


EXERCISE 54 


Ба 


x=3,y=3; 2. 
x=6,y=0; 5. х-4,у--1, 
7. Nosolution; 8. х--4, yæl. 


х=4, у= —6; 3. Мо solution ; 


6. x=2, y= —4; 


a 


9 


ANSWERS 
EXERCISE 5.5 
ose МГЕ Nam. 
1 х= 9 Y= 25 2. x=2,y 3: 3. x= 3:75 
4, х=16,у=1; 5 x-4y—-1; 6. х= – 2,у= —5; 
270 Ар . 
7 х= АЯ В 


т 
EXERCISE 5.6 
in 5 17 
1:хх-45. 095123 ador Sais ка 
ze = 3.4, х-1,у-1: 5. х=1,у=2 
bb хз 10 ‚У 5° (y ‚У ; 
Gl, 28 
6 x=2, узб; 1. х= 19, Ў 10: 


EXERCISE 61 


3612.529; 3. 1331; 4 4913; 8 13824; 
rae 2648: T 420; з. 4582: 9. 2289; 10. 2466. 


Ї- 


EXERCISE 62 


1 Rs2; 2. Rs 4 and paise 5; 3. Rs 20; 
4 Rs 22 and paise 50; 5. Rs 3 and paise 21; 


6. Rs3- 


Li OC = 
158 MATHEMATICS 


$* EXERCISE 71 


1, 3, 5,6, 7, 8,9, 10 


e EXERCISE 72 


1. (a) 7, 14, 21, 28, 35, 42, 49, (Ы) () &, Ша, (Ш) &, 

(vy) €, ЧЕ, ФЕ, (Wii) & ЩЕ, ФЕ; 

2. (i) (—4, —3, —2, —1, 0, 1, 2, 3, 4}, (ii) {16, 25, 34, 43, 52, 61, 70}, 
(iii) (0, 13, (iv) (3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14}, (v) а, N, D, A}; 
3. (i) {x | x is a vowel in the English alphabet}, 

(ii) (x | x is an integer and —3<x<2}, 

(iii) {x | x is a multiple of 4 and 4<x<24}, 

(iv) {x | x—n?, n is a natural number}. 


EXERCISE 73 


1. (i) Finite, (ii) Infinite, (iii) шил: (iv) Infinite, (у) Finite 
(vi) Finite ; E (ii). 


EXERCISE 74 Р 


1. (і) А, (іі) Yes; 2. ф, (- 1), {1}; (—1,1; 
3. $, (0), (1), 121, ©, 11, {1, 2), (0, 2), (0, 1, 2; 
4. Hh (a), (b), {с}, (d), (a. b), (a; с}, ta, d}, (b, c), (b, d f 

(a,b, 0), (b с, d}, (с, d, al, (a, Бус, 0; 5. 4,8, et ОЛНО ©), 
(ii) True, (iii) True, (iv) False, (у) БИ Л. Yes; 8 D also 
(ii) C, Gii) C, (iv) Ф. ў T 


Ч) 


ANSWERS 


EXERCISE 75 


1. (i) {-1, 0, 2, 3, 4, 5, —3}, (ii) {2, 3, 4, 5, —3, 6, 8}, h 
(1) 1-4, 0, 2, 3, 4, 6, 8}, (iv) {3}, (v) (4, (vi) QJ. 1 
(vii) {—1,0, 2, 3, 4, 5, —3, 6, 8}, (viii) (—1, 0, 2, 3, 4, 5, —3, 6, 8} 
(ix) 9, (x) Ф; 2. (хІх is an integer}, {x | x is a natural ре и 
3. {x | x is a natural number}, $; 4. (i) Not disjoint, (ii) Not disjoint 
(iii) Disjoint, (iv) Disjoint ; - 5. No. 

: 


& 


MISCELLANEOUS EXERCISE II 


10. x23, у=5; и. x=—2, у=—1; 12. x=8, y=32; 


2227. 344 E 


13. x= e 
62 ФАШ). < ЕНИ 
15 ХЕ Ў 16. 39,9; 17. (і), (й); 


i, o, u}, (ii) 0, 3, 5, 7, 11, 13, 17, 19}, 
(ii) Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, Saturday); 
О multiple of 6 and 6<x<30}, (ii) (x | xis ап even 
natural number-and 2<х<10); | 
(a, b), (а, ©}, (5, с}, fa, Б, о); Ч 


20. 4, (a), (b), ©} 
21. {x|xisa natural number and х<10), $; 22. (i) Not disjoint, 


Gi) Disjoint, (iii) Not disjoint. 


18. (і) (26 


Index 


€. 


A - Disjoint Sets 141 
; Distributive law of irrational 
Addition of irrational numbers !4 numbers 14 
—— rational expressions 62 Dividend 58 
Algebraic expressions 45 Division of irrational numbers 15: 
Approximate evaluation of — polynomials 56 j 
irrational numbers 14 Divisor 58 - 
B> ў 1 ГЕ 
Ва , Element 129 
27 73 Empty set 133-134 
cube of 74 Equality of sets 135 
Exponents 24 
[o —— Laws of 29 
Cartesian plane 92, 93 Е 
Commutativity of irrational 
numbers 14 Factorization 81 ' 
Conditional identities 85-87 Finite set 133. 
Сопуегвеѕ 11 ` 
Conversion tables 126 ZI 
Cube of a binomial 74 : 
ae Identities 85 
D - Inconsistent equations 112 
` Index 24 
Decimal forms of irrational Inequations 92, 106 
numbers 12 Infinite series 11 
Degree:of a monomial 46 Infinite Set 133 


—— polynomial 46 . Irrational numbers 9, 19 


MATHEMATICS 


—— Addition of 14 -— - terminating 12 


= pproximate evaluation of Null set 134 | 
7 Number line 4, 92 | 

---- Associativity of 14 -—— plane 92, 93 а | 
—— Commutativity of 14 T 5 

--- Decimal forms of 12 3 

—— Distributi £14 : 

БАС ршн ue 9 Polynomials 45 

—— Multiplication of 14 ^S шиш Я 46 

—— Negative of 15 ar eds es ? 

—— Positive of 15 —— Division o | 
ЕТО —— Multiplication of 50 

—— Relation of order of 14: —— Subtraction of 


—— Subtraction of 14 aay tical “Я ў 
; Product of monomi 
Insurance premium tables 125 Pyth ihéorém 5 
Interest tables 123 J nagorasiineorem 
Intersection of sets 140 £ i Q 8 
Integer 7 
мау OA Quotient 58 
= —— of two polynomials 61 
uw R 
Linear eqations 92, 133, 119 Radical 39 | 
ME i — Index of 39 
* Radicand 39 
Monomials 46, 77 Rational Expressions 61 
—— Product of 51,52 . ep 001008 en E 
Multiplication of polynomials 50 TT OSAMA f 
—— rational expressions 68 ——— Reciprocal of7 мий! 
=— irrational numbers 14 MS Mus ME 
== iplication о; 
N —— Subtraction of 65 


Rational numbers 1,19 


Rationalization of denominator 17 
Real number 1, 20 


Negative of irrational numbers 15 
Nonrecurring 12 


Reciprocal of irrational 
Remainder 60 
Roster method 131 


Set (s) 127 
— builder method 
--- Empty 133 
--- Equality of 135 
—— Finite 133 
— Infinite 133 
-— Intersection of 
— Null 134 
— Operations 139 
—— Universal 137 
— Union. of 139 


Singleton set 134 
Special products 78 
Subsets 135 


INDEX 163 
number 15 T 


Tables 

E Conversion 126 

—— Use of 120 

— of interest 123 

—— Insurance premium 125 
Tabular method 131 


132 
U 


Union of two sets 139 
Universal set 137 
Universc of discourse 137 
Use of interest tables 123 
—— tables 121 
— tables in солин 
squares, cubes, square roots 
сіс. 121 


140 


Е 


Simultaneous linear equations 110 


У 


Venn diagrams 143 


